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Abstract. We give a unified account of boosting and logistic a sequential-update method, provided that the number of
regression in which each learning problem is cast in termzpef ~ features is not so large as to make parallel updates infeasible.
timization of Bregman distances. The striking similaritl tbe Some preliminary experiments suggest that this is the case.
two problems in this.framework allows us to Qesign anq amalyz Our second algorithm is a parallel-update method for the
algorithms for both simultaneously, and to easily adappaigms logistic loss. Although parallel-update algorithms are well
designed for one problem to the other. For both problems, ivee g known for this function, the updates that we derive are new,

new algorithms and explain their potential advantages existing . . L
methods. These algorithms can be divided into two typesdbase and preliminary experiments indicate that these new updates

on whether the parameters are iteratively updated seqilgrine ~ May also be much faster. Because of the unified treatment
at a time) or in parallel (all at once). We also describe arpara  We give to the exponential and logistic loss functions, we are

terized family of algorithms which interpolates smoothtiseen able to present and prove the convergence of the algorithms
these two extremes. For all of the algorithms, we give cawece for these two losses simultaneously. The same is true for the
proofs using a general formalization of the auxiliary-ftioe proof other algorithms presented in this paper as well.
technique. As one of our sequential-update algorithmstivatgnt We next describe and analyze sequential-update algo-
to AdaBoost, this provides the first general proof of coneeag for  rithms for the two loss functions. For exponential loss, this
ﬁ]iarimsél'a\sl\éeczzgw;;‘gtﬁg ggr?tlr‘;;'?ﬁé’?ﬁg;gﬁtﬁﬁ;{gg’ algorithm is equivalent to the AdaBoost algorithm of Freund
tive scaling. We coﬁclude with preliminary experimentauks. and Schapire [13]. By viewing the algorithm in our frame-
work, we are able to prove that AdaBoost correctly converges
to the minimum of the exponential loss function. This is a
1 INTRODUCTION new result: Although Kivinen and Warmuth [16] and Ma-
We give a unified account of boosting and logistic regression son et al. [19] have given convergence proofs for AdaBoost,
in which we show that both learning problems can be cast in their proofs depend on assumptions about the given mini-
terms of optimization of Bregman distances. In our frame- mization problem which may not hold in all cases. Our proof
work, the two problems become extremely similar, the only holds in general without assumptions.
real difference being in the choice of Bregman distance: un-  Our unified view leads instantly to a sequential-update
normalized relative entropy for boosting, and binary relative algorithm for logistic regression that is only a minor modifi-
entropy for logistic regression. cation of AdaBoost and which is very similar to one proposed
The fact that the two problems are so similar in our frame- by Duffy and Helmbold [12]. Like AdaBoost, this algorithm
work allows us to design and analyze algorithms for both si- can be used in conjunction with any classification algorithm,
multaneously. We are now able to borrow methods from the usually called the weak learning algorithm, that can accept
maximume-entropy literature for logistic regression and apply a distribution over examples and return a weak hypothesis
them to the exponential loss used by AdaBoost, especiallywith low error rate with respect to the distribution. How-
convergence-proof techniques. Conversely, we can now easever, this new algorithm provably minimizes the logistic loss
ily adapt boosting methods to the problem of minimizing the rather than the arguably less natural exponential loss used by
logistic loss used in logistic regression. The resultis a family AdaBoost.
of new algorithms for both problems together with conver- Another potentially important advantage of this new al-
gence proofs for the new algorithms as well as AdaBoost.  gorithm is that the weights that it places on examples are
For both AdaBoost and logistic regression, we attempt bounded irj0, 1]. This suggests that it may be possible to use
to choose the parameters or weights associated with a giverthe new algorithm in a setting in which the boosting algorithm
family of functions calledeatures or weak hypotheses. Ada- selects examples to present to the weak learning algorithm by
Boost works by sequentially updating these parameters ondfiltering a stream of examples (such as a very large dataset).
by one, whereas methods for logistic regression, most notablyAs pointed out by Watanabe [22] and Domingo and Watan-
iterative scaling [9, 10], are iterative but update all parametersabe [11], this is not possible with AdaBoost since its weights
in parallel on each iteration. may become extremely large. They provide a modification
Our first new algorithm is a method for optimizing the of AdaBoost for this purpose in which the weights are trun-
exponential loss using parallel updates. It seems plausiblecated at 1. The new algorithm may be a viable and cleaner
that a parallel-update method will often converge faster than alternative.
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We next describe a parameterized family of iterative al- between logistic regression and the exponential loss through
gorithms that includes both parallel- and sequential-updatethe use of a family of Bregman distances. However, the
algorithms and that also interpolates smoothly between thesetting described in his paper apparently cannot be extended
two extremes. The convergence proof that we give holds for to precisely include the exponentialloss. The use of Bregman
this entire family of algorithms. distances that we describe has important differences leading

Although most of this paper considers only the binary to a natural treatment of the exponential loss and a new view
case in which there are just two possible labels associatedof logistic regression.
with each example, it turns out that the multiclass case re-  Our work builds heavily on that of Kivinen and War-
quires no additional work. That is, all of the algorithms muth [16] who, along with Lafferty, were the first to make
and convergence proofs that we give for the binary case turna connection between AdaBoost and information geometry.
out to be directly applicable to the multiclass case without They showed that the update used by AdaBoost is a form of
modification. “entropy projection.” However, the Bregman distance that

For comparison, we also describe the generalized iterativethey used differed slightly from the one that we have chosen
scaling algorithm of Darroch and Ratcliff [9]. In rederiving (normalized relative entropy rather than unnormalized rela-
this procedure in our setting, we are able to relax one of the tive entropy) so that AdaBoost’s fitin this model was not quite
main assumptions usually required by this algorithm. complete; in particular, their convergence proof depended on

The paper is organized as follows: Section 2 describesassumptions that do not hold in general. Kivinen and War-
the boosting and logistic regression models as they are usuimuth also described updates for general Bregman distances
ally formulated. Section 3 gives background on optimiza- including, as one of their examples, the Bregman distance
tion using Bregman distances, and Section 4 then describeghat we use to capture logistic regression.
how boosting and logistic regression can be cast within this
framework. Section 5 gives our parallel-update algorithms 2 BOOSTING, LOGISTIC MODELS AND
and proofs of their convergence, while Section 6 gives the LOSS FUNCTIONS
sequential-update algorithms and convergence proofs. The
parameterized family of iterative algorithms is described in LetS = ((z1,y1), ..., (Tm,ym)) be a set of training exam-
Section 7. The extension to multiclass problems is given ples where each instaneg belongs to a domain or instance
in Section 8. In Section 9, we contrast our methods with spaceY, and each labe); € {-1, +1}.
iterative scaling. In Section 10, we give some preliminary ~ We assume thatwe are also given a set of real-valued func-
experiments. tionsonX’, hy, ..., h,. Following convention in the MaxEnt

] ] literature, we call these functioyfgarures; in the boosting
Previous work. Variants of our sequential-update algo- |iterature, these would be callegbak or base hypotheses.
rithms fit into t_he general family of “arcing” algorithms pre- We study the problem of approximating thgs using a
sented by Breiman [4, 3], as wellas Mason etal.’s "AnyBoost” |inear combination of features. That is, we are interested in
family of algorithms [19]. The information-geometric view the problem of finding a vector of parametevss R” such
that we take also shows that the algorithms we study, mclud—thath(xi) - E?:l Ajhj(z;) is a “good approximation” of

ing AdaBoost, fit into a family _of algorithms desc_ribed in y;. How we measure the goodness of such an approximation
1967 by Bregman [2] for satisfying a set of constraints. varies with the task that we have in mind.

Our work is based directly on the general setting of Laf- For classification problems, it is natural to try to match
ferty, Della Pietra and Della Pietra [18] in which one attempts the sjgn offx(z;) toy;, that is, to attempt to minimize
to solve optimization problems based on general Bregman

distances. They gave a method for deriving and analyzing i

parallel-update algorithms in this setting through the use of Z[[?/ifk(mi) <0 (1)
auxilliary functions. AII_ of our algorithms and convergence =1

proofs are based on this method. where[r] is 1 if « is true and O otherwise. Although min-

Our work builds on several previous papers which have imization of the number of classification errors may be a
compared boosting approaches to logistic regression. Fried-orthwhile goal, in its most general form, the problem is
man, Hastie and Tibshirani [14] first noted the similarity be- intractable (see, for instance, [15]). It is therefore often
tween the boosting and logistic regression loss functions, andadvantageous to instead minimize some other nonnegative
derived the sequential-update algorithm LogitBoost for the |oss function. For instance, the boosting algorithm Ada-

logistic loss. However, unlike our algorithm, theirs requires Boost [13, 20] is based on the exponential loss
that the weak learner solve least-squares problems rather

than classification problems. Another sequential-update al- - 5
gorithm for a different but related problem was proposed by Z exp(—yifa(xi)). (2)
Cesa-Bianchi, Krogh and Warmuth [5]. =1

Duffy and Helmbold [12] gave conditions under which a It can be verified that Eq. (1) is upper bounded by Eq. (2);
loss function gives a boosting algorithm. They showed that however, the latter loss is much easier to work with as demon-
minimizing logistic loss does lead to a boosting algorithm strated by AdaBoost. Briefly, on each of a series of rounds,
in the PAC sense, which suggests that our algorithm for this AdaBoost uses an oracle or subroutine called the weak learn-
problem, which is very close to theirs, may turn out also to ing algorithm to pick one feature (weak hypothegis)and
have the PAC boosting property. the associated paramefgris then updated. It has been noted

Lafferty [17] went further in studying the relationship by Breiman [3, 4] and various later authors that both of these
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steps are done in such a way as to (approximately) cause thdt can be shown that, in general, every Bregman distance
greatest decrease in the exponential loss. In this paper, was nonnegative and is equal to zero if and only if its two
show for the first time that AdaBoost is in fact a provably ef- arguments are equal.

fective method for finding parametekswvhich minimize the There is a natural optimization problem that can be as-
exponential loss (assuming the weak learner always choosesociated with a Bregman distance, namely, to find the vector
the “best’h;). p € Athatis closest to a given vectqs € A subject to a set

We also give an entirely new algorithm for minimizingex- of linear constraints. These constraints are specified by an
ponential loss in which, on each round, of the parameters  m x n matrixM and a vectop™e A. The vectorg satisfying
A; are updated in parallel rather than one at a time. Our hopethese constraints are those for whighM = p"M. Thus,
is that this parallel-update algorithm will be faster than the the problemis to find
sequential-update algorithm; see Section 10 for preliminary _
experiments in this regard. argpnggBF (P I @)
Instead of usingf, as a classification rule, we might
instead postulate that thg's were generated stochastically Where

as a function of the;;’s and attempt to usg, () to estimate P={ped:p'M=p"M}. (5)
the probability of the associated lahel A very natural and The “convex dual” of this problem gives an alternative
well-studied way of doing this is to pags through alogistic ~ formulation. Here, the problem is to find the vector of a
function, that is, to use the estimate particular form that is closest to a given vector The form
R 1 of such vectors is defined via tlhegendre transform, written
Ply=+1|2z] = ———. v o q (or simplyv o g whenF is clear from context):
1+ e—fa(z)
The likelihood of the labels occuring in the sample then is vVorq= arggé'ﬂ(BF (P I @) +v-p).
ﬁ 1 Using calculus, this can be seen to be equivalent to
it L+ exp(—yifa(z:)) VF(voq)=VF(q) - v. (6)
Maximizing this likelihood then is equivalent to minimizing  For instance, whe is unnormalized relative entropy, it
the log loss of this model can be verified using calculus that
Ui (voaq); = qe . (7)
In (14 exp(—y:fa(z:))). 3
; ( P(=yif\(=))) ® From Eq. (6), it is useful to note that
Generalized and improved iterative scaling [9, 10] are vo(woq)=(v+w)oq. (8)

popular parallel-update methods for minimizing this loss. In
this paper, we give an alternative parallel-update algorithm
which we compare to iterative scaling techniques in prelimi-
nary experiments in Section 10.

For a givenm x n matrix M and vectorqg € A, we
consider vectors obtained by taking the Legendre transform
of a linear combination of columns ®f with the vectorqg,
that is, vectors in the set

3 BREGMAN-DISTANCE OPTIMIZATION Q={(MA)oqo|AeR"}. (9)

In this section, we give background on optimization using The dual optimization problem now can be stated to be the
Bregman distances. This will form the unifying basis for problem of finding
our study of boosting and logistic regression. The particular ; ~
set-up that we follow is taken primarily from Lafferty, Della argqr‘ggBF (p I q)
Pietra and Della Pietra [18]. -

Let F : A — R be a continuously differentiable and whereQ is the closure oB.

strictly convex function defined on a closed, convex/s€t The remarkable fact about these two optimization prob-
RY*. The Bregman distance associated witls defined for lems is that their solutions are the same, and, moreover, this
P,q € Ato be solution turns out to be the unique point at the intersection

i of P and Q. We take the statement of this theorem from

Br(p || @) = F(p) - F(a) = VF(q) - (p — Q). Lafferty, Della Pietra and Della Pietra [18]. The result ap-

pears to be due to Cs&z[6, 7] and Topsoe [21]. A proof for

the case of (normalized) relative entropy is given by Della
m Pietra, Della Pietra and Lafferty [10]. See also Cais

F(p) =Y _pilnp;, (4) survey article [8].
i=1

For instance, when

Theorem 1 Let p, qo, M, A, F, Bp, P and Q be as above.
Assume By (P || qo) < oo. Then there exists a unique

m , q, € Asatisfying:
Du (p |l q)=2<pi|n<&>+ql~—pi>- _
o1 qi 1. q, e PNQ

By is the (unnormalized) relative entropy

160



2.Bp(p |l 9 =Br(p || a)+Br (a« || q) forany
peEPandqe Q

3. q.=argmin g Br (b | q)
4. q. =argminyep By (p || qo).

Moreover, any one of these four properties determines
uniquely.

This theorem will be extremely useful in proving the
convergence of the algorithms described below. We will

Logistic regression can be reduced to an optimization
problem of this form in nearly the same way. Recall that here
our goal is to find\ (or a sequence of’s) which minimize

i In (1 + exp (_yi i /\jhj (wz)) > . (13)
=1 j=1

For shorthand, we call this tHegLoss problem. We define
p andM exactly as for exponential loss. The veaigiis still
constant, but now is defined to &/2)1, and the spaca

is now restricted to b, 1]™. These are minor differences,

show in the next section how boosting and logistic regressionhowever. The only important difference is in the choice of

can be viewed as optimization problems of the type given
in part 3 of the theorem. Then, to prove optimality, we only
need to show that our algorithms converge to a poifting.

4 BOOSTING AND LOGISTIC
REGRESSION REVISITED

We return now to the boosting and logistic regression prob- Dy (p [ q) =
lems outlined in Section 2, and show how these can be cast

in the form of the optimization problems outlined above.
Recall that for boosting, our goal is to filldsuch that

Z exp (_yi Z /\jhj (wz))
=1 j=1

is minimized, or, more precisely, if the minimum is not at-
tained at a finite\, then we seek a procedure for finding a
sequence\;, Az, . . . which causes this function to converge
to its infimum. For shorthand, we call this thepLoss prob-
lem.

To view this problem in the form given in Section 3, we
letp = 0, qo = 1 (the all O’s and all 1's vectors). We
let M;; = yihj(z;), from which it follows that(MA); =
> i=1Ajyihj(zi). The spacé = RI'. Finally, we takeF’
to be as in Eq. (4) so thdp is the unnormalized relative
entropy.

As noted earlier, in this case,o q is as given in Eq. (7).
In particular, this means that

Q= {q S ]RT q; = exp(— Z)\jyzhj(ﬂ}z)) ,AE Rn}
j=1

Furthermore, it is trivial to see that

(10

m

Du(0 | @)= a

i=1

so that Q; (0 || (MA)o qo) is equal to Eq. (10). Thus,
minimizing Dy (0 || q) overq € Q is equivalent to mini-
mizing Eq. (10). By Theorem 1, this is equivalent to finding
q € Q satisfying the constraints

Z%‘Mij = Z(Jiyihj(wi) =0
=1 =1

forj=1,...,n.

(11)

(12)
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the function’, namely,

m

F(p)

=" (pinpi+ (21— pi) IN(L - py)).
i=1

The resulting Bregman distance is

3 (o (5) r-mn (353))
Trivially,
D4 (0 || ) = —gma—q». (1)

For this choice of, it can be verified using calculus that

gie” "

= 15
Ve T T e 9

so that

Q= {q S [0, 1]m q; =0 (Z /\]ylh](l'l)) ,AeR"” }
=1

whereo(z) = (1+ e®)~% Thus, Dz (0 || (MA)o qo) is
equal to Eq. (13) so minimizing P(0 || q) overq € Q

is equivalent to minimizing Eq. (13). As before, this is the
same as finding € Q satisfying the constraints in Eq. (12).

S PARALLEL OPTIMIZATION METHODS

In this section, we describe a new algorithm for the
ExpLoss and LogLoss problems using an iterative method
in which all weights); are updated on each iteration. The
algorithm is shown in Fig. 1. The algorithm can be used
with any functionF' satisfying certain conditions described
below; in particular, we will see that it can be used with
the choices off’ given in Section 4. Thus, this is really a
single algorithm that can be used for both loss-minimization
problems by setting the parameters appropriately. Note that,
without loss of generality, we assume in this section that for
all instances, 7, [M;;] < 1.

The algorithm is very simple. On each iteration, the
vectord, is computed as shown and added to the parameter
vector\;. We assume for all our algorithms that the inputs
are such that infinite-valued updates never occur.

This algorithm is new for both minimization problems.
Optimization methods faExpLoss, notably AdaBoost, have



Parameters: A C R’
F : A — R satisfying Assumptions 1 and 2
qo € AsuchthatBr (0 || qo) < oo

Input: Matrix M € [—1, 1]™*" where, for alli,
i1 1Ml <1

Output: A1, Ao, ... such that

Jim By (0 || (MA))o qo)= inf, By (0 || (MA)o qo).
— 00 )\E]R"

LetA; =0
Fort=1,2,...:

® gt — (M)\t) °F qo
e Foryj=1,...,n:

Wi = > ailMyl
axsign(M; ;) =+1
Wy, = Yo ailMy)

i:SigI’(Mi]‘):—l

1. (Wi
g = (Y
7 2 \Wi;

e Update parametersx;.1 = A\; + d;

Figure 1: The parallel-update optimization algorithm.

We will show later that the choices df given in Sec-
tion 4 satisfy these assumptions which will allow us to prove
convergence foExpLoss andLogLoss.

To prove convergence, we use the auxiliary-function tech-
nique of Della Pietra, Della Pietra and Lafferty [10]. Very
roughly, the idea of the proofis to derive a nonnegative lower
bound called an auxiliary function on how much the loss
decreases on each iteration. Since the loss never increases
and is lower bounded by zero, the auxiliary function must
converge to zero. The final step is to show that when the
auxiliary function is zero, the constraints defining theBet
must be satisfied, and therefore, by Theorem 1, we must have
converged to optimality.

More formally, we define aauxiliary function for a se-
quenceys, qz, - - - and matrixM to be a continuous function
A A — R satisfying the two conditions:

Br (0 || ai+1) = Br (0 || @) < A(ar) <0 (18)

and
AlqQ)=0=q'M=0. (19)

Before proving convergence of specific algorithms, we
prove the following lemma which shows, roughly, that if a
sequence has an auxiliary function, then the sequence con-
verges to the optimum poirf,. Thus, proving convergence
of a specific algorithm reduces to simply finding an auxiliary
function.

Lemma 2 Let A be an auxiliary function for qa, q2, . . . and
matrix M. Assume the q;’s lie in a compact subspace of Q

generally involved updates of one feature at a time. Parallel- where Q is as in Eq. (9); in particular, this will be the case if

update methods fdtogLoss are well known (see, for exam-
ple, [9, 10]). However, our updates take a different form from

the usual updates derived for logistic models.
A useful point is that the distribution, 1 is a simple
function of the previous distributiog;. By Eq. (8),

Qi1 = (M(A; +6¢))oqo = (Mdy) o ((MA;) 0 qo)
= (M&)) o q. (16)

This gives
dt,i exp(— i 5t,jMij)

Qt,i {(1 — qt,;) €XP (2?21 5t7jMij) + qm} -
(17

Ge+1,i =

for ExpLoss andLogLoss respectively.

We will prove next that the algorithm given in Fig. 1 con-
verges to optimality for either loss. We prove this abstractly

for any matrixM and vectorqp, and for any function’
satisfying the following assumptions:

Assumption 1 Foranyv € R™, q € A,

m

Br(0 | voa) = Br (0 || @) <3 aile™ ~1).
i=1

Assumption 2 For any ¢ < oo, the set

{a€d|Br (0 || q) <c}
is bounded.

Assumption 2 holds and Bp (0 || q1) < co. Then

lim q; = q. =argminBr (0 || q).
t—00 qeQ

Proof: By condition (18),By (0 || q;) is a nonincreasing
sequence which is bounded below by zero. Therefore, the se-
quence of differenceBr (0 || q¢+1) —Br (0 || q¢) must
converge to zero. By condition (18), this means thad,)
must also converge to zero. Because we assume thqt'the
lie in a compact space, the sequencgqd must have a sub-
sequence converging to some pai A. By continuity of
A, we haveA(q) = 0. Thereforege P by condition (19),
whereP is as in Eqg. (5). On the other hangjs'the limit of
a sequence of points i@ soq € Q. Thus,d € P N Q so
q = q4 by Theorem 1.

This argument and the uniquenessgaf show that the
q;’s have only a single limit poinj,. Suppose that the entire
sequence did not converge ¢g. Then we could find an
open seB containingy, suchthafqi, qz, . . .} — B contains
infinitely many points and therefore has a limit point which
must be in the closed s&t- B and so must be different from
dx- This, we have already argued, is impossible. Therefore,
the entire sequence convergegjio H

We can now apply this lemma to prove the convergence
of the algorithm of Fig. 1.

Theorem 3 Let F' satisfy Assumptions 1 and 2, and assume
that B (0 I qo) < 00. Let the sequences A1, A, . .. and
q1,42, - - - be generated by the algorithm of Fig. 1. Then

lim q; = argminBy (0 | q)
t—o0 €0



where Q is as in Eq. (9). That is,
lim Bg (0 I (M) o qo) = inf Bp (0 | (MAX)o qo) .
t—o0 )\E]R"

Proof: Let

(@) = Z ai| M

&:sign(M;;)=+1

Yo ailMyl

&:sign(M;;)=—1

2
Il

sothatV,”; = W (q;) andW, ; = W, (q;). We claim that

the functlon

- ]z:; <\/Wj+(<1) - \/Wj(q)> 2

is an auxiliary function foryy, q2, . . .. Clearly, A is continu-
ous and nonpositive.
Lets;; = sign(M;;). We can upper bound the change in
Br (0 || q¢) onround: by A(q,) as follows:
Br (0 | Qt+1) — Br (0 I qt)
= Bp (0] (Md)oaq)—Br (0] a) (20)

< Z i | €XP (— Z 5t,jMij) - 1] (21)
i=1 L j=1

= Z%,z‘ eXP(—Z5t,jSij|Mz’j|> —1]
i=1

IN

n

j=

(

j=1

m n
D i | D [My|(e7 % — 1) (22)
i=1 _j:l

Wite

t,j o Wtjjeat’j - W;,_j - W;;)(23)

=—Z<\/W7; ﬁ) Ala). (@4)

Egs. (20) and (21) follow from Eq. (16) and Assumption 1,
respectively. Eq. (22) uses the fact that, for aris and for
pj > 0with 3~ p; <1, we have

exp (Z pjxj> -1
J

exp (

IN

J

ij:vj +0- (1—2@)) -1

j J
> pjeti + (1— ZP;’) 1= pi(e" -1
J J J

(25)

by Jensen’s inequality applied to the convex functidn

Eq. (23) uses the definitions W* andW,”

and Eq. (24)

t,j?
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uses our choice of; (indeed,d; was chosen specifically to
minimize Eq. (23)).
If A(q) = Othen forallj, W;"(q) = W (q), that is,

0= W+( quSlJ|MU| = Z%Mm

Thus, A is an auxiliary function foryy, q2, . . .. The theorem
now follows immediately from Lemma 2. ®

To apply this theorem to thExpLoss andLogLoss prob-
lems, we only need to verify that Assumptions 1 and 2 are
satisfied. FotExpLoss, Assumption 1 holds with equality.
For LogLoss,

B(0 | voq)—Dg (0 || q)
1 i

B Zm( qu)>

= iln(l—qi+qi6_”i)

)

< (—qi +qie™).

i

Il
N

The first and second equalities use Egs. (14) and (15), respec-
tively. The final inequality uses 4+ z < e for all «.

Assumption 2 holds trivially forLogLoss since A =
[0,1]™ is bounded. FoExpLoss, if Dy (0 || q) < cthen

Z g <c
i=1
which clearly defines a bounded subseRdf.

6 SEQUENTIAL ALGORITHMS

In this section, we describe another algorithm for the same
minimization problems described in Section 4. However,
unlike the algorithm of Section 5, the one that we present
now only updates the weight of one feature at a time. While
the parallel-update algorithm may give faster convergence
when there are not too many features, the sequential-update
algorithm can be used when there are a very large number
of features using an oracle for selecting which feature to
update next. For instance, AdaBoost, which is essentially
equivalent to the sequential-update algorithm fapLoss,

uses an assumed weak learning algorithm to select a weak
hypothesis, i.e., one of the features. The sequential algorithm
that we present fokogLoss can be used in exactly the same
way. The algorithm is shown in Fig. 2.

Theorem 4 Given the assumptions of Theorem 3, the al-
gorithm of Fig. 2 converges to optimality in the sense of
Theorem 3.

Proof: For this theorem, we use the auxiliary function

i=1




Parameters: (same as in Fig. 1) weak learner always succeeds in selecting the feature with

Input: Matrix M € [-1, 1]m>" lowest error (or, more accurately, with error farthest from
Output: (same as in Fig. 1) 1/2). Translating to our notation, the weigh (i) assigned
LetA; =0 to example(z;, y;) by AdaBoost is exactly equal @ ;/Z,,
Fort=12,...: and the weighted error of theth weak hypothesis is equal
* q: = (MA¢) o qo 0 1 -
m —“[1-—=).
e jy=argm Z qt,iM;;j 2 ( Zt)
O Theorem 4 then is the first proof that AdaBoost always
i converges to the minimum of the exponential loss (assuming
¢ = Z qt,i Mij, an idealized weak learner of the form above). Note that when
1=W} qx # 0, this theorem also tells us the exact form of lim
o 7, = Z s However, we do not know what the limiting behavior Bf
* is wheng, = 0, nor do we know about the limiting behavior
11:1 7 + of the parameter&; (whether or noty,, = 0).
t Tt . . . .
e a;==1In ( > We have also presented in this section a new algorithm for
2 Zt_ —/ logistic regression. In fact, this algorithm is the same as one
0o, =14 St ifj = je given by Duffy and Helmbold [12] except for the choice of
! 0 else ay. In practical terms, very little work would be required to
e Update parameters\;;1 = A + 0y alter an existing learning system based on AdaBoost so that

it uses logistic loss rather than exponential loss—the only
difference is in the manner in whiep is computed fron,.

We can even do this for systems based on “confidence-rated”
boosting [20] in whichy; andj; are chosen together on each
round to minimize Eq. (26) rather than an approximation of

Figure 2: The sequential-update optimization algorithm.

This function is clearly continuous and nonpositive. We have

that this expression as used in the algorithm of Fig. 2. (Note that
Br (0 || ae1) —Br (0 || ) the proof of Theorem 4 can easily be modified to prove the
convergence of such an algorithm using the same auxiliary

function.)

< > aqilexp| =Y 6 | -1

=1 i=1 7 A PARAMETERIZED FAMILY OF
_ Z ge.s (exp(—a, My, — 1) (26) ITERATIVE ALGORITHMS
i=1 In previous sections, we described separate parallel- and
m 14+ M;; 1— M;; sequential-update algorithms. In this section, we describe a
Z qt,i < e 4 It gt 1>(27) parameterized family of algorithms that includes the parallel-

IN

i=1 2 update algorithm of Section 5 as well as a sequential-update
Zi+1e _op  Zt =Tt g, algorithm that is different from the one in Section 6. This
= 5 ¢ + —2 ¢ = Z (28) family of algorithms also includes other algorithms that may
be more appropriate than either in certain situations as we
= 27 =17 - Zi = Alay) (29) explain below.

. are The algorithm, which is shown in Fig. 3, is similar to
where Eq. (27) uses the convexity of“:*, and Eq. (29) 4 yaraliel-update algorithm of Fig. 1. On each round, the
uses our choice aof; (as before, we chose; to minimize

the bound in Eq. (28)) quantities.Wtfj and W, ; are computed as_befpre, and the
If A(q) = 0fhen ’ vectord; is _computed _aﬁt was computed in Fig. 1. Now,
however, this vectod, is not added directly td\;. Instead,
m another vecton, is selected which provides a “scaling” of
0 = max Z aiMi; the features. This vector is chosen to maximize a measure
=t of progress while restricted to belong to the skj. The
s0Y, ¢;:M;; = O for all j. Thus,A is an auxiliary function ~ allowed form of these scaling vectors is given by the.$gt
for qi,qo, ... and the theorem follows immediately from @ parameter of the algorithrody is the restriction ofA to

Lemma2. m those vectora satisfying the constraint that for &ll
As mentioned above, this algorithm is essentially equiv- n
alent to AdaBoost, specifically, the version of AdaBoost first Z a;|Mij| < 1.

presented by Freund and Schapire [13]. In AdaBoost, on
each iteration, a distributio®; over the training examples

is computed and the weak learner seeks a weak hypothesis The parallel-update algorithm of Fig. 1 is obtained by
with low error with respect to this distribution. The algorithm choosingA = {1} and assuming tha}_ |A/;| < 1 for
presented in this section assumes that the space of weak hyall i. (Equivalently, we can make no such assumption, and
potheses consists of the featurfes. .., h,, and that the  choosed = {c1 | ¢ > 0}.)

i=1
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Parameters: (Ssame as in Fig. 1)
ACRY

Input: Matrix M € R™*" satisfying the condition that
Vj,3a € Am for whicha; > 0 where

Avw={a€ A|Vi: ) a;|M;| <1}
J

Output: (same as in Fig. 1)

LetA; =0
Fort=1,2,...:
® q — (M)\t) °F QO
e Forj=1,.
W;—j = Z qt.i| Mij)
axsign(M; ;) =+1
Wi, = Z qt,i| Mg
i:SigI’(Mi]‘):—l
+
dy ;i = —I o
S (W3>

n 2
— [w+ [ —
* a; = arg max E aj |/ We; — Wi,
€Am =1

° V_] . (St7j = at,jdt,j
e Update parameters;+1 = A; + d;

Figure 3: A parameterized family of iterative optimization
algorithms.

We can obtain a sequential-update algorithm by choosing
A to be the set of unit vectors (i.e., with one component equal

to 1 and all others equal to 0), and assuming thiaf €
[-1,+1] for all i, j. The update then becomes

Ot,j = { dej 1 j=je

0 else
Ji = argm,a{\/Wt*j — /W5l

where

Theorem 5 Given the assumptions of Theorem 3, the al-
gorithm of Fig. 3 converges to optimality in the sense of
Theorem 3.

Proof: We use the auxiliary function

A(q) = — max ; a; <\/Wj+(q) _
1

acAy 4
‘7:

JWj(qo)z

Wherer andW ;" are as in Theorem 3. This function is
continuous and nonpositive. We can bound the change in
Bp (0 I qt) using the same technique given in Theorem 3:

Br (0 || ai+1) —Br (0 || )
m i n
< D aa|exp|—=> 6 My | -1
i=1 L j=1
m i n
= D aqui|exp| = aridijsi| Myl | -1
i=1 L j=1
< D ani | D ani| Ml (em it — 1)
R et
R

S (V- i) =4

Finally, if A(q) = Othen

o <\/W+ \/Wj_(q)> 2

Since for everyj there existaa € Ay with a; > 0, this
implies W, (q) = W, (q) for all j, i.e., >, ¢;M;; = 0.
Applying Lemma 2 completes the theoreml

max
aE.AM

8 MULTICLASS PROBLEMS

Another interesting case is when we assume that |nthis section, we show how all of our results can be extended

> M2 < 1forall4. Itis then natural to choose
A={acRy||lallz=1}

which ensures thatlyy, = 4. Then the maximization over
Awm can be solved analytically giving the update

bjds;
[[b]l2

(m — \/T’])Z (This idea generalizes

easily to the case in which_; M;; < 1 and||a||, = 1 for
any dual normg andgq.)

A final case is when we do not restrict the scaling vectors
atall, i.e., we choosd = R} . Inthis case, the maximization
problem that must be solved to choose eaglis a linear
programming problem with variables andn constraints.

We now prove the convergence of this entire family of
algorithms.

2

whereb; =
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to the multiclass case. Because of the generality of the pre-
ceding results, we will see that no new algorithms need be
devised and no new convergence proofs need be proved for
this case. Rather, all of the preceding algorithms and proofs
can be directly applied to the multiclass case.

In the multiclass case, the label $2thas cardinalityk.
Each feature is of the formh; : X x Y — R. In logistic
regression, we use a model

efr(z.y)
ey eh(@h =

where f(z, )
set then is

1
14+ Zé;éy efr(@,0)—fr(zy)
(30)
= > j—1Ajhj(z,y). The loss on a training

Pryls] =

Zln 14+ Y ePEnn=f@w)

tF£y;

(31)



We transform this into our framework as follows: Let For this loss, we can use a similar set up except for the choice
) ) of F. We instead use
B={(,0)|1<i<m,te)—{y}}
Z Di,eINP;

The vectory, q, etc. that we work with are imlf. That s, (i,6)eB

they are(k — 1)m-dimensional and are indexed by pairs in 5 o

B. Letp; denote)",., pi . The convexfunction thatwe  forp € A =RZ. In fact, this is actually the same used

use for this case is~ for (binary) AdaBoost. We have merely changed the index
set toB. Thus, as before,

in: [ZPM'”IJM‘F(]- pz)ln(l pt)] BF 0 ” q Z qi,e

i=1 | t£y; (i,£)eB
which is defined over the space and W
(Voaq)ie=qice™ """
A= {p € ]R{f_ |Vi:p; < 1}. ChoosingM as we did for multiclass logistic regression and
qo = 1, we have thaBr (0 || (M) o qo) is equal to the
The resulting Bregman distance is loss in EqQ. (33). We can thus use the preceding algorithms
to solve this multiclass problem as well. In particular, the
Bp (P | Q) sequential-update algorithm gives AdaBoost.M2.
_ AdaBoost.MH [20] is another multiclass version of Ada-
Z [Z pieln <pz z) (1N <1 - P_f )] Boost. For AdaBoost.MH, we repladeby the index set
i=1 | ey di {4,...,m} x Y,
Clearly, and for each exampleand labek € ), we define
Br (0 =—) In(1—gq). ~ |+l ifl=y
#(0 | a) ; (1- @) y,,g_{_l 02
It can be shown that The loss function for AdaBoost.MH is
gioe " < .
(Voq)u = = —— Z Z exp(—ii fr(zi, 0)). (34)
1= Gi + Dgzy, Giee™ """ =1 tey
Assumption 1 can be verified by noting that We now leth; ¢ ; = §i,ch;(z;, ¢) and use again the samie
as in binary AdaBoost witlyy = 1 to obtain this multiclass
B (0 |l vea)) =B (0| q) version of AdaBoost.
= Z In (ﬁ) 9 A COMPARISON TO ITERATIVE
=t ! SCALING

- Z n[1-q+ Z Gioe Vi (32) In this section, we describe the generalized iterative scaling
it (GIS) procedure of Darroch and Ratcliff [9] for comparison

to our algorithms. We largely follow the description of GIS
) given by Berger, Della Pietra and Della Pietra [1] for the

™= I

multiclass case. To make the comparison as stark as possible,

t#y; we present GIS in our notation and prove its convergence

(_Qz + Z gije "

_ —vie 1 using the methods developed in previous sections. In doing

= gie(e”"¢ = 1). so, we are also able to relax one of the key assumptions
(4,0)eB traditionally used in studying GIS.

R . _ We adopt the notation and set-up used for multiclass lo-

Nlovl\c/ let M(i’é)[j . hy (qu,yzr)] L Ejm’f’g) and Igtqo _h gistic regression in Section 8. (To our knowledge, there is no

(1/k)1. ugging In these definitions gives that 5504 of GIS for the exponential loss so we only consider

Br (0 || (MX) o qo) is equal to Eq. (31). Thus, the al- the case of Ioglstlc loss.) We also extend this notation by
gorithms of Sections 5, 6 and 7 can all be used to solve th'sdeﬂmng iy, = 1 — q; so thatg; , is now defined for all

minimization problem, and the corresponding convergence
proofs are also directly applicable.

There are several multiclass versions of AdaBoost. Ada-
Boost.M2 [13] (a special case of AdaBoost.MR [20]), is
based on the loss function

> exp(falei €) — falzi i) (33 Vi, j, 0 hj(zi,0) >0 and Vi, £: Y hj(w;,€) =1.
(i,0)eB j=1

¢ € ). Moreover, it can be verified that , = IE’r[€|a:i] as
defined in Eq. (30) iy = (M) o qp.

In GIS, the following assumptions regarding the features
are usually made:
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In this section, we prove that GIS converges with the secondProof: We will show that
condition replaced by a milder one, namely, that

A(q) = _DU ((Hl7"'7Hn> ” <Pl(q)7"'7Pn(q)>)
vie:S hi(zi,0) < 1. S (gn i pe—w
L j;l ( ) < Jzz:l <H] In Pj(q) + PJ (q) H]) (36)

Since, in the multiclass case, a constant can be added tds an auxilliary function for the vectokg, q2, . . . computed
all featuresh; without changing the model or loss function, by GIS. Clearly,A is continuous, and the usual nonnega-
and since the features can be scaled by any constant, the twaivity properties of unnormalized relative entropy imply that
assumptions we consider clearly can be made to hold withoutA(q) < 0 with equality if and only ifH; = P;(q) for all j.
loss of generality. The improved iterative scaling algorithm From Eq. (35)H; = P;(q) ifandonlyif W;"(q) = W, (q).

of Della Pietra, Della Pietra and Lafferty [10] also requires Thus, A(q) = 0 implies that the constraingg M = 0 as in

only these milder assumptions but is much more complicatedhe proof of Theorem 3. All that remains to be shown is that
to implement, requiring a numerical search (such as Newton-

Raphson) for each feature on each iteration. Br(0 || (Md)oq) —Br (0 || q) <A(q) (37
GIS works much like the parallel-update algorithm of

Section 5 withF', M andqg as defined for multiclass logistic where H.
regression in Section 8. The only difference is in the com- d;=1In < J )
putation of the vector of updatds, for which GIS requires Pj(q)
direct access to the featurgs. Specifically, in GIS 4, is We introduce the notation
defined to be .
5 =1In < H; > Ai(¢) = Z‘thj(wiye)a
Pj(qr) j=1

where and then rewrite the gain as follows using Eq. (32):

m Br (0 | (Md)oq)—Br (0 | a)

H; = Zhj(ivi,yi)

-
[|
iR

= Z In (qzy, + Z Qi,e eXp(— Z 5J'M(i7€),j)>
i=1 i=1

{Zy;

NE

Pj(a) = Gi,ehj (@i, 0).
tey =
o - Z Ai(yi)
Clearly, these updates are quite different from the updates i=1
described in this paper. m
Using more notation from Sections 5 and 8, we can re- + Z In %) [ g, + Z gice 2 0iMan ||
formulateP;(q) within our framework as follows: — e 7

-
I
N

{Fy;
m (38)
Pi(a) = qu@f hj(wi, €) Plugging in definitions, the first term of Eq. (38) can be
ey written as
= hj (@i, yi - - P\ e
iz_:l i) D oAiy) = Y |in ( o > > hi(wi i)
B i=1 j=1 Pi(a) i=1

+ 3 aie [hy(wi, O) = hy(i, i) & H;
i=1£€y Z Hjln P (39)
i1 J
= Hj;- Z qi,eMip) ’
(i,0)eB Nextwe derive an upper bound on the second term of Eq. (38):

= Hj—(Wj(a) - W; (a)). (35)

m n
In €2 | g, + i€ 251 00
We can now prove the convergence of these updates using ; [ Tiu: ; %
the usual auxiliary function method. ’

m
— In . 'eAi(yi) + . eAi ()
Theorem 6 Let F', M and qo be as above. Then the modified zzz:l (qwl g; dit
GIS algorithm described above converges to optimality in the )

sense of Theorem 3. n )
' - Son(Tuet)

i=1 ey
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training loss training loss
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1 3 4 0 1
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Figure 4: The training logistic loss on data generated by a noisgrmane with many (left) or few (right) relevant features.

i and comparing the new algorithms to other commonly used
< Z (Z gice™ — 1) (40) procedurrés. k k y
=1 ey We first tested how effective the methods are at mini-
n mizing the logistic loss on the training data. In the first ex-
= Z gi |exp Z hj(x;, £)6; | —1| (41) periment, we generated data using a very noisy hyperplane.
cy j=1 More specifically, we first generated a random hyperplane
in 100-dimensional space represented by a vestar R
< Z it Z hj(w;, - 1) (42) (chosen uniformly at random from the unit sphere). We then
€y

chose 300 points € R'® where each point is normally
distributedx ~ N(0,I). We next assigned a labglto each

» Z hj(xi, 0 (i _ 1) (43) point depending on whether it fell above or below the cho-
Py Pj(a) sen hyperplane, i.ey, = signw - x). After each label was
chosen, we perturbed each painby adding to it a random
— ( > qu ch(ws, € amounte wheree ~ N(0,0.8 I). This had the effect of
— causing the labels of points near the separating hyperplane
to be more noisy than points that are farther from it. The
(H- — Pi(q)) . (44) features were identified with coordinatesxof
We ran the parallel- and sequential-update algorithms of
Sections 5 and 6 (denoted “par” and “seq” in the figures)
on this data. We also ran the sequential-update algorithm
that is a special case of the parameterized family described
in Section 7 (denoted “seq2”). Finally, we ran the iterative
scaling algorithm described in Section 9 (“i.s.”).

The results of this experiment are shown on the left of
g. 4 which shows a plot of the logistic loss on the training
set for each of the four methods as a function of the number
of iterations. (The loss has been normalized to be 1 when
A = 0.) All of our methods do very well in comparison
to iterative scaling. The parallel-update method is clearly
the best, followed closely by the second sequential-update
algorithm. The parallel-update method can be as much as 30
times faster (in terms of number of iterations) than iterative

Mz vV

i=1(€y

Il
M- 1

j=1

Eq. (40) follows from the log bound In < z — 1. Eq. (42)
uses Eqg. (25) and our assumption on the form of/tkis.
Eq. (43) follows from our definition of the updade

Finally, combining Egs. (36), (38), (39) and (44) gives
Eq. (37) completing the proof.

Itis clearthatthe differences between GIS and the updatesF.
given in this paper stem from Eq. (38), which is derived from !
Inz = —C + In (e“z), with C = A;(y;) on thei'th term
in the sum. This choice af' effectively means that the log
bound is taken at a different point (in= —C + In (e“z) <
—C + ez — 1). In this more general case, the bound is
exact atr = e~“; hence, varying’ varies where the bound
is taken, and thereby varies the updates.

scaling.

10 EXPERIMENTS On the right of Fig. 4 are shown the results of a simi-
In this section, we briefly describe some experiments us- lar experiment in which all but four of the components of
ing synthetic data. These experiments are preliminary andw were forced to be zero. In other words, there were only
are only intended to suggest the possibility of these algo- four relevant variables or features. In this experiment, the
rithms’ having practical value. More systematic experiments sequential-update algorithms, which perform a kind of fea-
are clearly needed using both real-world and synthetic data,ture selection, initially have a significant advantage over the
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Figure 5: The test misclassification error on data generated
by a noisy hyperplane with Boolean features.

parallel-update algorithm, but are eventually overtaken.
In the last experiment, we tested how effective the new

com

petitors of AdaBoost are at minimizing the test misclas-

sification error. In this experiment, we chose a separating
hyperplanew as in the first experiment. Now, however, we
chose 1000 pointg uniformly at random from the Boolean
hypercube{—1,+1}1% The labelsy were computed as
before. After the labelg were chosen, we flipped each coor-
dinate of each point independently with probability.05.

This noise model again has the effect of causing examples

near the decision surface to be noisier than those far from it.
For this experiment, we used the parallel- and sequential-

update algorithms of Sections 5 and 6 (denoted “par” and (15
“seq”). In both cases, we used variants based on exponen-

tial loss (“exp”) and logistic loss (“log”). (In this case, the
sequential-update algorithms of Sections 6 and 7 are identi-

cal.)

Fig. 5 shows a plot of the classification error on a separate

test set of 5000 examples. There is not a very large difference

(3]
[4]

(5]

(6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

(14]

(16]

in the performance of the exponential and logistic variants of (7]
the algorithms. However, the parallel-update variants start
out doing much better, although eventually all of the methods
converge to roughly the same performance level.
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