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Abstract

In this paper we examine master regression algo-
rithms that leverage base regressors by iterative-
ly calling them on modified samples. The most
successful leveraging algorithm for classification
is AdaBoost, an algorithm that requires only mod-
est assumptions on the base learning method for
its good theoretical bounds. We present three gra-
dient descent leveraging algorithms for regression
and prove AdaBoost-style bounds on their sam-
ple error using intuitive assumptions on the base
learners. We derive bounds on the size of the mas-
ter functions that lead to PAC-style bounds on the
generalization error.

1 Introduction

In this paper we consider the following regression setting.
Data is generated IID from a distributidhon some domain

X and labeled according to a functignA learning algorith-

m receives a samplé = {(z1,9(x;)), ..., (@m,g(zm))}
and attempts to return a functiginclose tog on the domain
X. There are many ways to measure the closenegsmf,
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are many learning algorithms that produce simple hypothe-
ses efficiently, but the accuracy of these methods may be
less than desirable. Leveraging techniques, such as boost-
ing [23, 10, 13, 11, 14, 8], attempt to take advantage of such
algorithms to efficiently obtain a hypothesis with arbisar
high accuracy. These methods work by repeatedly calling
a simple (or base) learning method on modified samples in
order to obtain different base hypotheses that are combined
into an improved master hypothesis. Of course the complex-
ity of the combined hypothesis will often be much greater
than the complexity of the base hypotheses. However, if the
improvement in accuracy is large, and the increase in com-
plexity is small, then leveraging can improve generalmati
Leveraging has been examined primarily in the classifi-
cation setting where AdaBoost [13] and related leveraging
techniques [3, 9, 5, 4, 6, 14, 20] have been found to be use-
ful for increasing the accuracy of base classifiers. Such al-
gorithms repeatedly call a base learning algorithm, and con
struct a linear combination of the hypotheses returnedsd@he
techniques have recently been viewed as performing gradi-
ent descent on a potential function [4, 6, 20, 14, 9, 18] and
this viewpoint has enabled the derivation and analysiswf ne
algorithms in the classification setting [14, 9, 8, 18]. Rece
work by Friedman has shown that this gradient descent view-
point can also be used to construct leveraging algorithms fo

for example one may want the expected squared error to beregression with good empirical performance [15].

small or one may wanf to be uniformly close tg over the
entire domain.

We are aware of several other generalizations of gradient
descent leveraging to the regression setting [13, 15, 17, 21

In fact, one often considers t_he case where the data are5 4, 6). These approaches are discussed in more detail in
not labeled perfectly by any function, but rather have rando  gection 2.

noise added to the labels. In this paper we consider only the

In analyzing and deriving gradient descent leveraging al-

noise free case. However, many algorithms with good per- ¢rithms, several issues arise. First, a potential functiast
formance guarantees for the noise free case also work well ingg chosen such that minimizing this potential implies that t
practical settings. AdaBoost [13, 2, 19, 12] is one example master function performs well with respect to the loss func-

in the classification setting.
A typical approach for learning is to choose a function
classF and find somef € F with small error on the sam-

tion of interest. This potential should also be amenable to
analysis; most of the bounds on such algorithms are proved
using an amortized analysis of the potential [13, 10, 9, 11].

ple. Then if the sample is large enough with respect to the This paper examines several potential functions for layera

complexity of the clasg, f will also provide small error on
the domainX with high probability (see e.g. Anthony and
Bartlett [1]).

To be useful any algorithm that works in this way must
also be computationally efficient, i.e. it must obtain a sim-
ple hypothesis, with high accuracy in a short time. There

ing in the regression setting and proves performance bounds
for the resulting gradient descent algorithms. Secondeto d
rive bounds, assumptions need to be made about the perfor-
mance of the base learners. In particular, if the base learne
does not return useful hypotheses, then the leveraging algo
rithm cannot be expected to make progress. What constitutes

*Both authors were supported by NSF grants CCR 9700201 anda useful hypothesis will depend on the potential function be
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ing minimized. Furthermore, how “usefulness” is measured



will have a major impact on the difficulty of proving perfor- gradient of the potential. An amortized analysis shows that
mance bounds. In this paper, we attempt to use weak as-his algorithm effectively reduces the loss on the sample if
sumptions on the base learners, and use measures of “useahe base regressor returns a functfowhose correlation co-
fulness” that are intuitive. Finally, we desire performanc efficient with they values is at least some> 0.

bounds that are of the strongest form possible. In this paper ~ SQUARELEV.C, our second algorithm, uses the squared
we prove non-asymptotic bounds on the sample error thaterror potential, but with confidence rated classifiers as its
hold for every iteration of the leveraging algorithm. These base regressors. This second procedure places a distribu-
sample error bounds lead to PAC-style generalization bound tion D on the examples proportional to the absolute value

s showing that with arbitrarily high probability over thenra
dom sample, the leveraging algorithm will have arbitrarily
low generalization error. To obtain this performance our al
gorithms need only run for a polynomial number of itera-
tions.

The regression setting has additional considerations not

seen in classification problems. In the classification regtti
the complexity of the combined hypothesis can be bounded
in terms of the number of components in the combination
and the complexity of the base hypotheses. For regression
however, we must also take the size of the coefficients in the
linear combination into account. This means that it may not
be best to take a large gradient descent step each iterstion,
ince the step size may induce an overly large coefficient. The
choice of step size leads to a tradeoff between the complexit
of the combined hypothesis and the number of iterations re-
quired to achieve good performance on the training sample.
This trade off is discussed further in Section 3.

In the classification setting, the base learner can be forced

to return useful hypotheses simply by manipulating the dis-
tribution over the sample. This is not the case for regressio
In the regression setting, a leveraging algorithm must also
modify the sample in some way. However, no useful base
learner can perform well with respect to an arbitrarily lale
sample. In Section 3, we illustrate a situation in which the
relabeling used by our algorithms is far from arbitrary. In
fact, in such situations the relabeling is still consistgith a
reasonable hypothesis.

Throughoutthe paper we use the following notation. The
the leveraging algorithm is given a setsf training exam-
plesS = {(z1,v1),-..(Zm,ym)}. FOr a master regression
functionF, theresiduals arer; = y;— F(xz;) for1 <i < m.
Each iteration of the leveraging process the algorithm modi
fies the samplé to produceS = {(z1,51),-- -, (Tm, Tm)}
by changing the targetvalues toj. The algorithm then cre-
ates a distributiorD over the modified samplé and call-

s a base regression algorithm on the modified sample with
the distributionD. The base regressor produces a function
f € F with some “edge’ on S underD. (The different
algorithms evaluate the amount of “edge” differently). The
new master regressor then chooses a coefficiefar the

of the gradient of the square loss ajpdabels equal to the
sign of the gradient. We prove that this procedure effective
ly reduces the loss on the sample when the base classifier
produces functiong satisfying

> D(@:)gi f () S .
\/Zi D(x;)? Z,' flz:)? —

Both of these constraints on the base regressor are similar t
those assumed by the GeolLev algorithm [9] and analogous
to those for AdaBoost [13].

A third algorithm ExPLEV performs gradient descent on
the exponential criteriol exp(sr;) +exp(—sr;) —2 where
s is a scaling factor. This is a two-sided version of Ada-
Boost'sexp(—margin potential. Whereas in the classifica-
tion setting AdaBoost can be seen as increasing the smallest
margin, for regression we want to decrease the magnitude of
the residuals. By noting that when; > 0 or sr; < 0, the
contribution to our potential is close torp(s|r;|), it seems
reasonable that this potential tends to decrease the maximu
magnitude of the residuals. The probabillyz;) used by
ExpLEV is proportional to the absolute value of the gradi-
ent with respect t&, |V, P| = |sexp(—sr;) — sexp(sry)],
and theg; label is —sign(V;P). If the weak regressor re-
turns functionsf with edge}", D(x;)y:f(x;) > € then this
procedure rapidly reduces the exponential potential on the
sample, and for appropriatethe maximum|y;, — F'(z;)|
value is at most) after O((Inm)/n ln(ﬁ)) iterations.
Therefore, the master regression function approximately i
terpolates the data [1].

Recall that the master functionis= 3, o, f; wherew,
andf; are the values computed at iteratioiwith additional
assumptions on the base regressor we can bdund; and
prove g,6)-bounds for the generalization error of the master
regression function (assuming the sample was drawn 1ID).
For SQUARELEV.R, we require that the standard deviation
of f is not too much smaller than the standard deviation of
they values. For KPLEV, we truncate large descent steps.

Some contributions of this work are deriving and rigor-
ously analyzing three new leveraging algorithms for regres
sion, and exploring the complexity versus computationerad
off that arises in this regression setting.

new base function and updates its master regression func-

tionto F' + af. We often use bold face as abbreviations for
vectors over the sample, e.i.= (f(z1),..., f(z,)) and
Y =(Y1s-Ym)-

In Section 3 we introduce and discuss three new poten-
tials from which we derive leveraging algorithms for regres

sion. The proofs of these results are deferred to Section 4.

The potential functions we examine are two variants of the
squared error and an exponential criterion motivated by-Ada
Boost. Our first algorithm, UARELEV.R, uses a uniform
distribution on the sample angllabels proportional to the
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2 Relation to Other Work

Leveraging techniques work by repeatedly calling a simple
(or base) learning method on modified samples to obtain d-
ifferent base rules that are combined into a master rule. In
this way leveraging methods attempt to produce a master
rule that is better than any of its components. Leveraging
methods include ARCing [5, 4, 6], Bagging [3] and Boost-

ing [23, 10, 13, 11, 14, 8]. Leveraging for classification has

received considerable attention [13, 3, 10, 2, 19, 12, 25, 20



18] and it has been observed that many of these algorithm-and use that viewpoint to derive new leveraging algorithms.
s perform an approximate gradient descent of some poten-They prove a general asymptotic convergence result for such
tial [4, 6, 20, 14, 9, 18]. Given this observation it is possib  algorithms applied to a finite base hypothesis class. One of
to derive new leveraging algorithms by choosing a new po- their algorithms:-boost is similar to our EPL EV algorithm.
tential. AdaBoost and AdaBoost.R only require that the base hy-
The most successful gradient descent leveraging methodpotheses have a slight edge. In contrast, almost all of the
is Freund and Schapire’'s Adaboost [13] algorithm for classi  work on leveraging for regression assumes that the function
fication. In addition to its empirical success [2, 19, 12]gAd  returned by the base regressor approximately minimizes the
Boost has strong theoretical guarantees [13, 24] with reaso error over its function class. Here, we analyze the effeetiv
ably weak assumptions on the base learners. Here we conness of gradient descent procedures when the base regressor
centrate on deriving gradient descent leveraging algmsth  returns hypotheses that are only slightly correlated with t
for regression with similar guarantees. labels on the sample. In particular, we consider natural po-
Although, leveraging for regression has not received n- tential functions and determine sufficient properties & th
early as much attention as leveraging for classificaticgrgh  base regressor so that the resulting gradient descent-proce
is some work examining gradient descent leveraging algo- dure produces good master regression functions.
rithms in the regression context. When attempting to derive and analyze leveraging algo-
The AdaBoost.R algorithm [13] solves the regression rithms for regression, several issues arise that do notaappe
problem by reducing it to a classification problem. To fit in the classification setting.

a set of(z, y) pairs with a regression function, where each In the classification setting, leveraging algorithms are
y € [-1,1], AdaBoost.R converts eadl;, y;) regression  able to extract useful functions from the base learner by ma-
example into an infinite set d{z;, z), §;) pairs, where: € nipulating the distribution over the sample, and do not need

[-1,1] andg; = sign(y; — z). The base regressor is given to modify the sample itself. If the base learner returns func
a distribution D ovelx;, z) pairs and must return a function tions with small loss (classification error rate on the weigh

f(x) such that its weighted “errory”, | fyf_(wi) D(z;,2)dz| ed sample less than 1/2), then several [23, 10, 13, 14, 11, 8]

is less than 1/2. Although experimental work shows that al- leveraging algorithms can rapidly produce a master functio

gorithms related to AdaBoost.R [16, 22] can be effective, it that cirre((:jt_lg CIaSSIfI%S the entllre sam_ple.f . d
suffers from two drawbacks. A key difference between leveraging for regression an

First, it expands each instance in the regression Sam_Ieveragmg for classification is the following observation

ple into many classification instances. Although the irdegr Unlike leveraging classifiers, leveraging regressors

above is piecewise linear, the number of different pieces ca cannot always force the base regressor to output a

grow Imearly in the number of boos_tlng iterations. useful function by simply modifying the distribu-
More seriously, the “error” function that the base regres- tion over the sample.

sor should be minimizing is not (except for the first itera-

tion) a standard loss function. Furthermore, the loss func-  To see this, consider the regression problem with a con-

tion changes from iteration to iteration and even differs be tinuous loss functiod mapping prediction-label pairs to the

tween examples on the same iteration. Therefore, it is diffi- non-negative reals. Lgtbe a function having the same mod-

cult to determine if a particular base regressor is appatgri  est loss on every instance. Since changing the distribotion

for AdaBoost.R. the sample does not change the expected logs tife base
Breiman used a gradient descent approach to the regrestearner can return this sanfeeach iteration. Of course jf

sion problem to prove asymptotic convergence results ®r hi consistently underestimates (or overestimates)thralues

arc-gv algorithm [5, 4, 6]. More recently, Friedman has ex- in the sample, then the master can shift or sgaknd de-

plored regression using the gradient descent approach [15]crease the average loss. However, for many losses (such as

Each iteration, Friedman’s master algorithm constryggits the square loss) itis easy to construct (samf)leairs where

values for each data-point equal to the (negative) gradi- neither shifting nor scaling reduces the loss.

ent of the loss of its current master hypothesisrgn The The confidence rated prediction setting of Schapire and

base learner then finds a function in a cl&sninimizing Singer [25] (where each; € {£1} and f(z) € [-1,+1])

the squared error on this constructed sample. Friedman apdoes not have this problem: if the “average logs”—

plies this technique to several loss functions, and has per->" D(z;)y; f(z;))/2 is less than 1/2, and the loss on each

formed experiments demonstrating its usefulness, but doesexample(1 —y; f(x;))/2 is the same, then eaghf (z;) > 0

not present analytical bounds. and thresholding’ gives a perfect classifier on the sample.
Friedman’s algorithm for the square-loss is closely re- It is this thresholding property of classification that make

lated to Lee, Bartlett and Williamson’s earlier Construeti  manipulating the distribution sufficient for boosting.

Algorithm for regression [17]. Bartleti al. prove that the In the PAC setting, it is assumed that the sample is la-

Constructive algorithm is an efficient and effective learn- beled consistently with some hypothesis in a base hypoth-

ing technique when the base learner returns a function inesis class. When the base learners are PAC weak learners,

F approximately minimizing the squared error on the mod- they return hypotheses with average classification error on

ified sample. These algorithms are very similar to both our the sample less thaly2 regardless of the distribution given.

SQUARELEV.R and SQUAREL EV.C algorithms. Note that random guessing has average classification error
In work parallel to ours, Ratscér al. [21] relate boost- 1/2, so it is plausible to assume that the base learner can do

ing algorithms to barrier methods from linear programming slightly better (when the labeling function comes from the
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known class). However, if the sample is modified, it is no the magnitude of the coefficients in the combination. There-
longer clear that the labels are consistent with any hypothe fore we must show that our algorithms are not only compu-
sis in the class, and the weak learner may not have any edgetationally efficient but are also efficient with respect te th

In general, no useful function class contains hypothesessize of the linear combinations produced. Letting the algo-
consistent with every arbitrary relabeling of a large sampl rithm take a full gradient step might produce a coefficient
To justify modification of the samples, therefore, we need to that is prohibitively large. Varying the size of the gradien
show that there are consistent functions in some reasonablesteps taken can lead to a trade off between the time taken to
function class. In Section 3 we discuss properties of the bas obtain a good regressor and the complexity of that regressor
hypothesis class and target function that ensure the delabe This trade off is difficult to optimize, and our results do not
ings our algorithms use are consistent with a hypothesis inrequire such an optimization.
the target class. It is interesting to note that the magnitude of the coef-

We have identified three approaches to modifying the ficients in the linear combination also appear in the margin
sample for gradient descent leveraging algorithms. Which analyses of boosting algorithms [24, 8] for classificatism,
approach is best depends on the properties of the base rea similar trade off also appears in the classification sgitin
gressor and the potential function. The AdaBoost.R algo- In this section we state our main results, PAC-style
rithm manipulates the loss function as well as the distidlout ~ bounds on the probability that the algorithm fails to obtain
over the sample, but leaves the labels unchanged. Friedman’a good master function. The proofs are postponed to Sec-
Gradient Boost algorithm modifies the sample (by setting the tion 4. We will assume that the base function cléssgs
labels to the negative gradient) while keeping the distidou closed under negation, sbe F = —f € F, and thatF
constant. A third approach is used by two of the algorithms contains the zero function.
presented here. Each modified label is the sign of the cor- . .
responding component of the (negative) gradient while the 3-1 Regression with Squared Error
distribution is proportional to the magnitudes of the geadi A standard approach to regression involves choosing a re-
t. This third approach usessl labels, and is suitable for base gression functiory from some classF that minimizes the
regressors that solve classification problems. squared error on a sample.

In the next section we discuss our main results.

Definition 3.1 [/] Given a real-valued function f and a
3 Algorithms and Main Results sample S = {(z1,y1), (¥2,¥2),-- -, (@m,ym)} in (X x
R)™, the sample erroof f on S, denoted érs(f), is

Several issues arise when examining leveraging in the con- m
text of regression. First, we must consider the loss functio 75 (f) = 1 Z( — f)? L
with which we measure the generalization error of the master SV T Yi ¢
function — this will motivate the choice of potential furai.
Second, we must choose a base learner appropriate for the  This is done in the hope that achieving small sample error
choice of potential. The choice of base learner has two part-ill imply small error on unseen examples. In fact, this is th

s: should the base learner be a regression algorithm itself o case if the complexity of the function clagsis low enough
should it be a classification algorithm? What criteria sboul  (see e.g. Anthony and Bartlett [1]).
the base learner be attempting to optimize?

In this section we explore these issues by examining Definition 3.2 [1] Let P be a probability distribution on
three algorithms. We prove that each of these algorithms ef- X x R. The (generalization) errorof a function f : X — R
ficiently produces a regression function with low genegaliz ~ with respect to P is
tion error, measured with respect to an appropriate loss fun 9
tion. These proofs require assumptions on the base learner erp(f) = E(y — f(2))
that seem intuitively reasonable, and we provide some-justi where the expectation is with respect to a random (z,y)
fication for them. However, the base learners must perform grawn according ro P.
well with respect to a modified sample. Although this may
not be possible in general, we conclude this section by de-  Here we describe @IARELEV.R and QQUARELEV.C,
scribing situations for which it is. two gradient descent leveraging algorithms for regression

The results bounding our algorithms proceed like other that produce hypotheses with low expected squared error.
amortized analyses of leveraging algorithms [13, 8]. First SQUARELEV.R uses a regression algorithm as its base learn-
we bound the change in potential for a single iteration. Sec- er while SQUARELEV.C may use a classification algorithm.
ond, this bound is used to derive a bound on the sample er-These algorithms modify the sample and distribution in dif-
ror. Third, bounds on the size of the resulting combined hy- ferent ways. Despite this, the convergence bounds we give
pothesis are used to obtain generalization error bounds. Foare similar for both algorithms. We analyze the behavior
classification this “size” can be measured just in terms of of SQUARELEV.R in detail and show that, using appropri-
the number of base hypotheses combined. In particular, forate base learners, it can efficiently achieve arbitrarilalsm
classification we may take a hypothesis class and rescale itsquared error on the sample. We also show that the resulting
without changing its complexity, but this is not the case for hypothesis is simple enough that, with high probability, it
classes of regression functions. In the regression settétng  achieves small expected squared error on the entire domain.
must be more careful about the complexity of the combined To show this we require a bound on the complexity of the
hypothesis, as the “size” of a linear combination depends onfunction classM in which the master functions lie. Since

i=1
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lnpUt: A Samples = {(wlv yl)? (1'2, y2)v RN} (mmv ym)}
and a base learning algorithm
initialize master functior; to the zero function.i(= 1)
repeat forr = 2,...
fori =1tom
ri =y — F(zi)
end do
fori =1tom
Ji =Ti— 5 2 ;T
end do
S’ = {(wlagl)v RN} (mmagm)}
Call base learner with distributiob overS’,
obtaining hypothesig
€ = ((r—F)-(f=F))
P (A
= e
F,=F_ | +of

Figure 1: The SUARELEV.R algorithm.

the master function is a linear combination of base funetion
s, its complexity will depend on the complexity of the base
function classF and the size of the coefficients in the lin-
ear combination. Bounding the size of the coefficients in the
linear combination is a key step in the analysis of these-algo
rithms.

SQUARELEV.R

Given the relationship between the potential,,. and
érs(F), Theorem 4.1 proves that each iteration the mean
squared error of decreases by a multiplicative factor that
depends on the edge of the base learner. Using this result and
assuming a lower boung}, ;;, on the edge of the base learner

allows us to prove the following theorem.
Theorem 4.2 Assume that each y; € [—£,£]. If the edges
of the weak hypotheses used by SQUARELEV.R are bounded

below by €pin, > 0 then for all p € (0,1) after

In (f—p)
In ( )

1
1—¢2
iterations the function Fr has sample error érg(Fr) < p. If
[[r—r||>

min
[[f—F][2

T =

in addition < cin every iteration then

-2, )

This bounds the number of iterations beférg(F) < p
and also the size of the coefficients in the linear combimnatio
produced. The bound is independent of the number of exam-
plesm becausers(F) is the potentiath, and the potential
decreases by at least a constant factor each iteration.

Using these bounds dfi and bounds on the complexity
of the master function produced (derived from the bounds on

T andZtT:1 a) we obtain the following PAC-style result.

Rather than attempting to minimize the mean squared errorCorollary 3.3 Assume that data is drawn IID from a distri-

over the sample directly, @JARELEV.R uses the variance
of the residuals as the potential,
Pyar = |[|r — I_'”%

(2)

wherer is them-vector of residuals defined by = y; —
F(z;), andr is them-vector with all components equal to

L3, ri. Notice that anyF(z) can easily be shifted to
F(z) = F(z) + £ 1 (yi — F(;)) such thaers(F) is

< times the potential of".

Algorithm SQUARELEV.R (stated formally in Figure 1)
gives the base regressor a modified sanmjis, 7;) }, with
7; = r; — (proportional to the gradient d?,,,. with respect
to F), and the uniform distribution over the modified sample.
For this algorithm we define theige of the returned base
functionf as

(c—p)-F-F) (x—1) (f-1)

€ = _
Or0f

|lr — £[|2[|f — £]]2
whereo, andoy are the standard deviations of the respective
vectors. Note that the edge is just the correlation coefficie
betweenf andr (or y). The valuex is chosen to minimize
the potential of the new master function.

The following theorem shows how the potential (2) de-
creases each iteration.

Theorem 4.1 If € is the edge (3) of the base function f in an
iteration of SQUARELEV.R then the potential P,,, decreas-
es by a factor of (1 — €2) during the iteration.

3)
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bution P on X X [%, %] that the base regression func-

tions f € F returned by the base learner map to [—1, +1]
[r—F||>
[1f £l
er runs in time polynomial in m,1/e, and that Pdim(F) is
finite. Then Im(p, ) polynomial in 1/p,1/§ such that for
all p,§ € (0,1), with probability 1 — §, SQUARELEV.R pro-
duces a hypothesis F, in time polynomial in 1/p, 1/, with
erp < p when trained on a sample of size m(p, 0).

and satisfy € > €pmin, and < ¢, that the base learn-

This result shows that@JARELEV.R is an efficient re-
gression algorithm for obtaining functions with arbittas-
mall squared error. The result follows from the results in
Section 4, which are more precise in nature.

The conditions placed on the base learner are worth ex-
amining further. The lower bound on the edge of the base
learnere,,;,, is similar that used in the GeoLev [9] algorithm
and is analogous to that used by AdaBoost. Since the edge
of the base learner is simply the correlation coefficient be-
tween the residuals and the predictions of the base function
it seems reasonable to assume that this is bounded away from
zero. One cannot expect to model the residuals using a func-
tion that is totally uncorrelated with them. In addition we
require the condition that

e —xlls _
I

This condition requires that the base function does not have
much smaller variance over the sample than the residuals.

Or
c,or —<c.
of



Given that we are trying to model the residuals using the probability at least 1 — 6, if ¢ = (z1,22,...,Tm) € P™,
base function, this seems like a reasonable assumption. Inthen for any f € F satisfying |f(z;) — g(z;)| < n for

the extreme case where the base functiondyas= 0, no 1=1,2,...,m, we have

progress can be madefais constant and the residuals would )

all be modified by exactly the same amount. Plz:|f(z) —g@)| <n+v}>1-p. (6)
SQUARELEV.C This property provides a uniform bound on almost all of the

input domain and is therefore considerably stronger inngatu
than a bound on the expected squared error.
The notion of approximate interpolation is closely relat-

We define QUARELEV.C to be the gradient descent lever-
aging algorithm using the potential

Py =|ly = Flj3 =r|l5 . (4) ed to thee-insensitive loss used in support vector machine
] ) regression [26].
Note that the gradient af,, w.r.t. F' is 2r. In this section we examine a third algorithnxieLev
For SQUARELEV.C, we define the edge of the base re- which uses an exponential potential related to the one used
gressor as: by AdaBoost [13]. The AdaBoost algorithm pushes all ex-
m - amples to have positive margin. In the regression setting,
€= Yoy D@i)yif(a:) __(x-f) . (5) the ExpLEV algorithm pushes the examples to have small
|[D1[2||£]]2 |[r|l2{|£]]2 residuals. We show that this is possible and, given certain
SQUAREL EV.C mimics SYUAREL EV.R with the follow- assumptions on the class of base_: hypotheses, that the-residu
ing exceptions. BUARELEV.C usest1-valued labels and @IS are also small on a large portion of unseen examples.
modifies the distribution each iteration. The modified label To obtain a uniformly good approximation it is desirable

are; = sign(r;). The distributionD(z;) sent to the base to decrease the magnitude of the largest residual, so ore pos

regressor is recomputed each iteration and is proporttonal sible potential isnax; |r;|. However, a gradient descent al-
|r;| (and thus proportional to the magnitude of the gradient gorithm for this potential would be difficult to analyze. The

with respect taF). The edge; is computed as above. The ExpLEV algorithm instead uses the two-sided potential

valueq; = &lixllz — (rf) ;
||f||2 ||f||2 g STy —S8Tri __
Note that since SUAZREL EV.C usest1-valued labels, it Poyp = Z (e Le 2) 7 @

may work well when the base functions are classifiers with =1

range{—1, +1}. The following theorem provides a progress Wwheres is a scaling factor. Whesr is largeP.., behaves
bound for QUARELEV.C that is similar to that given for  like exp(smax; |r;|). Peszp IS @lso non-negative, and zero
SQUARELEV.R in Theorem 4.1. only when eact¥'(z;) = y;.

Theorem 4.4 If ¢ is the edge (5) of the base function f in an P..p is essentially exponential except for a flat region
iteration of SQUARELEV.C then the potential Py, decreases around0. The SC"?"ar'S chosen so that thIS_flat region corre-
by a factor of (1 — €2) during the iteration sponds to the region of acceptable approximation. The expo-

) , nential regions have a similar effect to the exponentiatpot
The potential and suitable base learners for tjg ysed by AdaBoost: the example with the largest potentia
SQUARELEV.C are closely related to those used by tends to have its potential decreased the most.

the GeolLev [9] algorithm. In particular, base hypotheses  The components of the gradient (Wi) are
which tend to “abstain” on a large portion of the sample

seem appropriate for these algorithms as the edge (5) P = OPerp
tends to increase if the base learner effectively trades off ~“ ““”  9F(x;)
abstentions for decreased error.

Due to its similarity to UARELEV.R, we omit further

= —sexp(sr;) + sexp(—sr;) . (8)

For EXPLEV we assume that the base hypotheses have
range[—1, +1], and that the goal is to find a master hypoth-

analysis of QUARELEV.C. esisF(z) = > oy f,(x) such thatr;| = |y; — F(z;)| < n

3.2 An AdaBoost-like algorithm for some givem and each of then examples in the sample.
. S The scaling factor we find most conveniensis- In(m)/n.

An alternative goal for regression is to have almost- Like SQUARELEV.C each iteration the distributio

uniformly good approximation to the true regression func-
tion. One way to achieve this is to obtain a simple function
that has small residuals at almost every point in a sufficient
ly large sample, in other words the goal may be to find a D) = |V:P| )

and the modified labels thatdELEV gives to the base re-
gressor are

function that interpolates or approximately interpolates ||V P
sample. This approach is known as generalization from ap- Gi = sign(r;) (10)
proximate interpolation [1]. ! v
The base regressor could be either a classifier (returning a
Definition 3.4 [1] Suppose that F is a class of function- {-1,1}-valuedf) or a regressor (where the returngédives
s mapping from a set X to the interval [0,1]. Then values in[—1, +1]). In either case, we define tlége ¢ of a
F generalizes from approximate interpolatighfor any base hypothesig as
€,0,1m,v € (0,1), there is mo(¢, d,n,7y) such that for m > m
mo(€,0,n,7), for any probability distribution P on X and €= Z D(z)jif(z:) - (11)
any function g : X — [0,1], the following holds: with =
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iterations. Furthermore,

InpUt A Samples = {(mlayl), (vayQ)a te (wmaym)}’

lt€man
a base learning algorithm, parameteende, ;.. (B 1 I—€mae
initialize master functiorf; to the zero function.(= 1) Z o< Bnt )ln ﬁ

repeatfort = 2,...

_ m ST —sTi __
Pegp = )= (€7 + ¢ 2) It is worth examining this result in a little more detail.

for: = 1_t0 m Despite the linear dependencefy in the bound orf’, the
ri = yi — F(@;) term is negligible in the bound on thes. As the required
ViPeyp = —sexp(sr;) + sexp(—sr;) " g9 ' q
Y gp accuracy is increased the bound on the length of the total
Dt(wi)_ = NvPL path traversed by the algorithm (the sum of the step sizes)
i = sign(r;) does not change, however, the individual step sizes shrink.
end do The algorithm approximates the steepest descent path more
S ={(@1,01), s (Tm, Tm) } and more closely as the required accuracy increases. This

Call base learner with distributioB over.S’,
obtaining hypothesig
€ = min (2111 D(z:)ji f (i), €max)
-1 8Peap—28Mm+E||V Peapl||1
Qp = 2s n $Peqp—25m—é||V Peap||1

Fr=F_1+of

illustrates an interesting tradeoff between the numbeeof i
ations and the size of the individual coefficients. To obtain
simple enough hypothesis the coefficients must be kept small
at the expense of increased computational cost.

To show that all the residuals on unseen data are also
small we require a bound on the complexity of the master
function classM from which F' is drawn. SinceM consists
of functions which are linear combinations of functiongifro
F, the complexity ofM will depend on the size of the linear
combination and the complexity ¢f.

This is the same definition of edge used in the confidencerat- QOnce again we can obtain a PAC-style result using these
ed version of AdaBoost [25]. The main difference between pounds.

the base learners used here and those used by AdaBoost is

that here the base learner must perform well with respect to Corollary 3.5 Assume that data is drawn IID from a dis-

a relabeled sample. Although, this may not be possible in rribution P on X with y = g(x) for some function g :
general it seems reasonable in many situations (see the disx — [ 2B B] that the base regression functions f € F
cussion in Section 3.3).

S returned by the base learner map to [—1,+1] and satisfy
In addition to the parameter EXPLEV also takes a SeC- ¢ > ¢,,;,, that the base learner runs in time polynomial

ond parametet,,,.,.. This second parameter is used to requ- in m, 1/, and that Pdim(F) is finite. Then Im(p,d,1,7)
larize the algorithm by bounding the size of the steps taken. 4 polynomial in 1/p,1/6,1/n,1/~ such that the following

Figure 2: The KPLEV algorithm.

The algorithm is stated formally in Figure 2.

In the following theorem we bound the progress that

EXPLEV makes each iteration. The algorithm sét® the
minimum ofe ande,,, 4.

Theorem 4.8 If m > 3,FP.pp, > m + — — 2 at the start of
an iteration of EXPLEV and € is the edge of the base func-

tion at that iteration then the stepsize o < 5 Ln (i"'z) <

i In (}fzﬂ) and potential P, decreases by at least a
e2 . . .
factor of (1 — %) during the iteration.

Using this bound and assuming a lower boupg,, on
the edge of the base hypotheses we can prove thel Ev

obtains a functior¥’ such that all of the residuals are small
within a number of iterations that is logarithmic in the sam-
ple size and linear irl/n. These results are stated in the

following theorem.

Theorem 4.9 If €,,,;,, is a lower bound on the edges of the
base functions and each y; € [—g, %] then for all n €
(0,1) algorithm EXPLEV with s = In(m)/n and €maz >

Emin achieves |y; — F(x;)| < n within

holds for all p,6,n,v € (0,1): with probability at least
1 -, if trained on a sample x = (x1,x2,...,Z,) € P™,
then EXPLEV produces a hypothesis F, in time polynomial
inl/p,1/8,1/n,1/~, satisfying

Pla: |F(z) —g(@)| <n+7}>1-p
SJorallm > m(p,0,n,7).

This result shows that>BLEV is an efficient regression
algorithm for obtaining functions that interpolate a targe
arbitrarily high accuracy. The result follows from resuits
Section 4 which are somewhat more precise.

3.3 Some Re-Labelings are Benign

All of the results discussed in this section require assump-
tions on the base learners. Although we consider our defini-
tions of the edge to be reasonable and our assumptions lower
bounding these edges essential, a substantial weakness re-
mains. The samples we supply to the base learner are mod-
ified, and it may appear that we are creating an impossible
task. In general, no useful base learner can perform well
with respect to arbitrarily relabeled examples. Here we dis
cuss a special case which illustrates that the relabelirggs w
use are not completely general. This special case shows that
the relabelings we use can actually be quite benign.

In the PAC literature it is common to assume that the
samples are labeled according to a function in the hypathesi



class. Under this assumption many hypothesis classes will = |lr—r1|5 -2a((r —1)- (f - f)) + ?||f — f||3

allow our algorithms to use benign relabelings. We restric- = Py —2a((r—1)- (=) +a?||(f - D]
t our attention to base regression functions here, although var ~ s 2
a somewhat more involved argument may be used for base _ _((c=7)-(f 1))
classifiers. v ||f B

. _ ((xr=F)-(f=1))
Theorem 3.6 Assume that the data are labeled by a linear (by settinge = ||f) HIE )

combination of functions from a class F that is closed under (r—1)- (f—F)?
negation and has finite pseudo-dimension Pdim(F). Then all = Pyar <1 — — =5 >
the modified samples used by SQUARELEV.R are consistent |le — |3 /£ — £]]3

with some linear combination of functions in JF. = P (1—-¢€%).
Proof: Let g be the function labeling the data. The master ) ) o
hypothesisF is a linear combination of functions i by The next theorem iterates this result to bound the number

definition. The residuals(z;) = g(x;) — F(x;) are there-  Of iterations beforefs (£) < p.
fore consistent with the function — F', which is a linear

combination of functions irF. O Theorem 4.2 Assume that each y; € [— 5 —] If the edges
A simple example of such a class is the finite class of of the weak hypotheses used by SQUARELEV.R are bounded

monomials of degree up tb with coefficients in{—1,1}.  below by €min > O then for all p € (0,1) after

The class of linear combinations of these functions hasafinit B

pseudo-dimensiokh+ 1. Therefore, Theorem 3.6 shows that In ( p )

with a base learner using this finite base hypothesis class, T= DY

SQUARELEV.R creates samples that are consistent with the In (1 emm)

original target class. A relatively trivial argument can be
used to show that, while any residuals are larger than zero,iferations the function Fy has sample error érs(Fr) < p. If

there always exists a monomial with an edge relative to suchin addition H; fHZ < cin every iteration then
a relabeling.
Theorem 3.6 is quite general and provides some evidence T In (B2 )
that the assumptions we place on the base learner are not Zat <ec _\¥)
overly strong. 1 In (Tjﬂ)
4 Proofs of Main Results Proof: Let P,,,r (andry, 7r, Fr) be the potential (and

In this section we prove the main results described in the fésiduals, average residual, master function) at the end of
previous section. These proofs proceed similarly the origi iterationT’. If Puo,,r < mptheny i, (rri — 1) < mp

nal proofs for AdaBoost [13]. We begin by using an amor- and, forF(z) = F(z) + = 3" (yi — Fr(z;)), we have
tized analysis on the potential to bound the time required to thaterS(F) < p. Furthermore, since the initial potential
achieve low error on the sample. This is done in two steps, is at mostm(B/2) and the potential decreases by at least
the first bounds the decrease in the potential in a single it- (1 — €2 . ) each iteration, the potential at the end of iteration
eration, the second iterates this bound. We then bound ther is at mostnB?(1 — €2,,,)" /4. Thus the sample error of
size of the coefficients of the final hypothesis. Using these ) is at mostp when

bounds we can bound the generalization error using standardF

results from statistical learning theory [1]. mB*(1—¢2,)1/4 < mp
4.1 Performance of SQUARELEV.R Tln(l—¢€%,) < In <4_p2>
The following theorem shows how the potential (2) decreas- B
es each iteration. The value afin the theorem minimizes In (lj’_"‘)
the potential off + af. T > ?
In (—1 )

Theorem 4.1 If ¢ is the edge (3) of the base function f in an L= Cnin
iteration of SQUARELEV.R then the potential P, decreas- proving the first part of the theorem. On each iteration:
es by a factor of (1 — €2) during the iteration. [

- r—7ri|2
Proof: Let P,,,., F', andr be the potential, master function, o [If —f]l2 —

and residual vector at the start of the iteration &)¢l., F' =

F +af, andr’ = r — of be the corresponding quantities at Multiplying this bound by1" gives the second part of the

the end of the iteration. Recall that this poten = theorgm. H
n _ _ d this edae — p(r_f)ﬁ?f’g%) This result shows that@JAREL EV.R takes only polyno-
|[r =%} = (r—r)- (r—r) and this edge = == mial time to obtain a rule with small error on the sample, and

low complexity. We now use these facts to derive a bound on
- the generalization error of the final hypothesis in the fello
= ||(r=%) —af -3 ing theorem.

Pzﬁar = ||rl _£I||§
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Theorem 4.3 Assume that data is drawn IID from a dis- Where the first inequality follows from Theorem 17.1 in An-

tribution P on X x [—L 8] (for some domain X), F is thony and Bartlett [1] and the second from Lemma 4.11 and
a class of [—1,1]-valued functions with pseudo-dimension the fact that\Vi (e, 7, k) < Na(e, F, k). This probability
Pdim(F) = q, and that each iteration the base regressor re- will be less thary if
turns an f € \ﬁ:——stItICh that the edge (3) off is bounded below 5 912 4 98 Kderm pm
by €min and ||f*sz < c. Then there exists a constant A > 0 In 1 > q 5 In — | 975
such that, for all p,6 € (0,1), ifSQL{AREL EV.R is applied m 4/) 212Kfq o8 e
to any sample, drawn IID from P of size at least — > In (_) +q [ ; —‘ In ( > (12)
AK* 1 2K g P .
m(P, 6) = 2 In{<)+ Sij
P 5 inceln(a) < ab + In(1/b) — 1 Va,b > 0, we haveab >
o [ K4 In(a) + In(b) + 1 and so
K (K5
Pdim(F) [—2—‘ In 3 ) )
p p 8 4m0212K_4 > In(m) + In — P el R
In(B2/2p) , 25t | 24| 21 |23
where K = 2max|c———————,B |, then with
In(1/(1—€,;,))
probability at least 1 — § the (shifted) master hypothesis Frp mp? 212 K4 p?
n(22) 28K p q [212541 98 4
after T = 20 P

1
2
min

In

) iterations has erp(Fr) < p.

—e

Subtracting 13 from 12 shows thaitis large enough if
Proof: Fix p andd, and letS be an IIDm > m(p, )

2 12 4 2168 | 22K*
P >1n<4>+q[2 K—‘ln [ . -|

B2 — > =
sample. After] = (%) iterations the sample ~ 2°K* Y p? p3
In —512 -
error €rg(Fy) < £ from Theorem 4.2. We must bound S required. i

the probability that the expected squared error is much larg
er than this.  To use the standard theorems we must first4-2 Performance of SQUARELEV.C

scale they values and final hypothesis so they lie in the souaRELEV.C is very similar to ®UARELEV.R, therefore

interval [0, 1]. In particular, setF’(z) = % + 3 and we only derive a single iteration bound on the reduction in
5= (o1 8+ (e b o ). Weuse  potentalobained: his esul may be used i he same way
erp/ (F') to denote the expected erd( (£ + 5) — F'(x))?. ' :

We useM to denote the original class of master functidhs ) ) )
and useM’ for the transformed class of functions to which Theorem 4.4 Ifc is the edge (5) of the base function f in an
F' belongs. iteration of SQUARELEV.C then the potential Py, decreases

The following are equivalent by a factor of (1 — €*) during the iteration.

! Ar !
lerp: () — €rs (F)] 2 p Proof: Consider the change in potential for a single iter-

1 2 g m R 2 ation, with primes indicating the modified quantities at the
E (i + = — F’@;)) - = Z (ﬂ + = — F’(xi)> > p end of the iteration. Recall that= y — F, P, = ||r||3, and
K2 mim\K 2 €= (r-£)/|[rll2][f]]2.
o) - LS (0 Ee )] s ok P, = lly-FI3
E(y-F@) —=3 (vi—Fl)) |2 pK b :
= = |y - F) - af|}
lerp (F) — ers(F)| > pK* . = Py —2a(r-f)+?||f|]3
So that (r-£)°
- . p BT
P {3F€M:|erp(F)—er5(F)| >4 5 -
. L. Ir-
_ pm / I N P using the minimizingx = 5
= P {AF e M': ferp (F') — 6T (F)| > 57 | o IGIE
2 r -
P / —pm = _PS <]_ — 7)
= 4Nl(251(2’/\/’’zm)exp<27K4> ! e l13]1£113
_ _ .2
98 K dem, q|'2125<4'| _p2m = Psq(]. € ) .
= 4( ap ) eXp<27K4>' H
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4.3 Performance of EXPLEV

We now turn to the results ondeL Ev. We overload the no-
tation and defind’.;, (c) = exp(c) +exp(—c) — 2 for scalar
¢, and useP_ ! (+) for this function’s (non-negative) inverse.
Since the residuals depend on the master fundiigsp does
the potentialP,,,(r) = > i*, (e’ +e~*" —2). Recall
thatVP,,,(r) = —sexp(sr;) + sexp(—sr;), the gradient
of the potential with respect ®.

To start we need to bound the progress obtainedXs-E
LEV in a single iteration. Our proof bounding this progress

uses certain extreme residual vectors, those having a fixed

P..p(r) and minimizing||V P.;p(r)||1. As shown in Lem-
ma 4.6 these vectors are thH¢) in following definition.

Definition 4.5 Forc > 0, letr'®) = (P,,1(c),0,...,0) and
Se = {r € R™|Peyp(r) = c}.

Lemma 4.6 inf.cs_ ||V Peyp(r)||1 = ||V Presp(x)]||1, for
allc > 0.

Proof: The proofappears in the full version of this paper [7].
m|

1-F(=;)

%Zexp(sm(ﬂ% :

1+f(w;)
2

+ exp(—sr)(6%)

< 3 Xewer) (1- - (4
+exp(—sri) (1 —(1-p?) (HTM)» (14)
1+ p?
= 33 Q
1- 52
+ % Zexp(sri)f(mi)—exp(—sri)f(a:i)
1 2 1— 32 m
= ;ﬁﬁ Q‘l' 2ﬁf ||vpezp||1 ;D(‘rl)glf(‘rl)
2 _ 32
= () + () 1A
2 _ B2
< Q (1;; ) + (1%5 >||vpew||1e. (15)

Now minimizing the right hand side with respectfo> 1

To bound the rate of decrease for this worst case vectoryields

of residuals we require the following technical Lemma.

Lemma 4.7 If Poyp(r) > m++ —2,m >3, ande < 1
then the quantity

V Pep(¥) +2m)2 = ([ Peayp (0)[[16/5)* — 2m
Py (1)

1
S <]. — 6€2> .
Proof: The proofappears in the full version of this paper [7].
|
We are now ready to prove the main invariant fotre
LEV. The proof of Theorem 4.8 shows that the choicevof
used by KPL EV minimizes an upper bound on the potential,

and thus KPLEYV is not exactly maximizing the decrease in
potential each iteration.

Theorem 4.8 If m > 3, P,y > m + -+ — 2 at the start of
an iteration of EXPLEV, and € is the edge of the base func-

1 (1+€) <

2s 1—¢
) and the potential P,,, decreases by at least

tion at that iteration then the stepsize o <

%sln(

~2
a factor of (1 — ) during the iteration.

1teman
l—€maa

Proof: The proof is structured to motivate the choicenof
used by PLEV. We define) = P.,, + 2m and relate the
potential@’ at the end of an iteration to the potent@lat
the beginning of the iteration as follow§! is

Zexp(é‘(n — af (1)) + exp(=s(ri — af(x:)))

= Y exp(sr) B @) + exp(—sri) 57+

(3

(setting = exp(sa) > 1)
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\/(SQ — ||V Peypll1€) (sQ + ||V Perpll1€)

b= (5Q — IV Pray 1)
_ (SQ"'HVPepolé) 16
\/ Q= IV Porylli®) *° 19
_ 1 (sQ + ||V Pegpl[1€)
“ = sln\/<s@—||VPwp||1€)'

SinceQ) = P.,;, —2m, thisis exactly thex used by XPLEV.

Note thatSQ > ||vpexp||1y SOB < —};_i anda < 2% In iJ_r:

proving the first claim.
We continue by substituting (16) into (15) , simplifying,
and subtractingm from each side, giving

Ploy <@ = (IV Peapllsé/s)* = 2m .

To obtain the factor by which the potential decreases we di-
vide both sides by>,,,,.

P, @~ (IVPuplhé/s)’ —2m

Pe:cp - Pe:cp
Py 202 = (IVPpllié/5)’ = 2m
N Pezp

Now Lemmas 4.6 and 4.7 show thatff,, > m + % -2
then

22
erp _ 6_

Pesy 6

Thus the potential decreases by a factor ef é2 /6 per iter-
ation as required. m|

We iterate this bound to obtain the following bound on
the number of iterations required to achieve small error on
the sample, and to bound the size of tiig

Pl




Theorem 4.9 If €,,;, is a lower bound on the edges of
the base functions and each y; € [—g, %] then for all

€ (0,1) EXPLEV with s = In(m)/n and €maz > €min
achieves |y; — F(x;)| < n within

ln(m) (1 + g)

T =

1+€man

l—€max

iterations. Furthermore
In L

Zat
1—€2 . /6

Proof: If P,,, < exp(sn)+exp(—sn)—2theneach; <17
and everyF'(z;) is within 5 of the corresponding;. Theo-

(B+n+1)

rem 4.8 implies that the potential drops by at least a factor

of 1 — €2,,,/6 each iteration. Since the initial potential is

less thanme®B, after T iterations the potential is at most

m€SB(1 o egm'n/G)T'
Solvingme*B (1 —¢2

A mz’n/G)T -2
for T' gives that after

517)

ln( 5 4 e — 2)

< exp(sn) +exp(—
T_ In(m) + sB —
ln( /6)
iterations every residual is at m0§t
For the second claim, Theorem 4.8 shows that each
ﬁ In sz—” Therefore, aftefl” iterations the sum of
thea values is at most
(1+B/77) ln(m) Ui In /1+5maz
ln ﬁ ln(m) 1-— €Emax
(B + n + 1) ln 11‘Zmam
< i V T—€maw
In 1—€2 . /6
as required. O
These results show thatxELEV will produce a com-
bined function in polynomial time that approximately inter
polates the sample to arbitrarily high accuracy. This toget
with the bound on ther’s can be used to obtain the follow-
ing bound on the generalization error of the final hypothesis
produced by EPLEV.
Theorem 4.10 Assume that the data is drawn IID from a
distribution P on X with y = g(x) for some function g :
X — [%, %] that the base regression functions f € F
returned by the base learner map to [—1, +1] and have edges
(11) at least €y, and that Pdim(F) = q is finite. Then

e > 0 such that the following holds for all p,6,n,~ € (0,1)
with probability at least 1 — §: if trained on a sample S of
parameters s =

size m at least
In(m
satisfying

Pz : |Fr(x)

,0,1m,7) = 3W In*(W)

1+B/n ) In( m

then after T = iterations EXPLEV with

mzn

/77 and €Emaz > €min Produces Frp

—g@)| <n+y}>1-p
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where
1
w o= ¢ <ln <—>+
p )
K4
K* K?\ . ST |4 K2
5 g (e (L2 (1)
Y 7q Py 74
o« /Temaz
and K = (B+nti)! ioemaz > |a|;.

In
1-¢2
min

Proof: The proofappears in the full version of this paper [7].
m|
The following key Lemma relates the complexity of the

master function class to the complexity of the base hypothe-
sis class and the size of the coefficients used.

Lemma 4.11 Suppose F is a class of [—1, 1]-valued func-
tions defined on a set X, and the covering number
No(e, F,m) is finite for all m € N and ¢ > 0. Suppose
in addition that F = —F and F contains the zero function.
ForV > 1 define

e {2

Then, for m > fat (16€),

> wifi: N €N, f,e]-'2|wl|<V

i=1

fat(16e) < 8lnNs(e, M, m)
2
< 8[4‘/ %n/\&( f-m)
42 . em4V?

Proof: The lemma follows from Theorems 12.10, 14.14 and
12.2 in Anthony and Bartlett [1]. O

5 Conclusions

In this paper we present three leveraging algorithms for the
regression setting. We give progress guarantees and dienera
ization bounds that depend on the good behavior of the base
regressors. The only regression algorithms that we aresawar
of with similar bounds are AdaBoost.R [13] and Lee, Bartlett
and Williamson’s Construct algorithm [1]. The bounds giv-
en for AdaBoost.R require the base learner to perform well
with respect to a changing loss. The bounds for the Construct
algorithm are agnostic in flavor and appear stronger than the
bounds we are so far able to show, however, they assume that
the base learner returns an almost optifhal 7. Although,

our bounds also rely on assumptions on the base learners, we
feel that these assumptions may be more reasonable. In par-
ticular, the base regression functions only need to betdligh
better than random guessing (in some sense). However, even
these assumptions seem strong when the sample fed to the
base learner is modified. Perhaps future research will kee abl
to weaken our assumptions and identify conditions ensuring
that the constructed samples fall into the base regresszas a

of competence. In the meantime, it appears that empirical
work is needed to determine how well base learners respond
to the modified data.



The generalization bounds we derive fap \RELEV.R

and ExpLEV are of very different flavors. In particular, the
bound on KXPLEV has a considerably stronger form than

that for SQUARELEV.R. The key to obtaining these bounds [15] Jerome H. Friedman.

is boundinthT:1 ag. We found it surprising that for ¥&r-
LEv, with the appropriate scale factor, the sumaaf de-
pends weakly on the desired accuragywhile the number
of iterations grows a$/n.
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