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Abstract

We address the computational complexity of learn-
ing in the agnostic framework. For a variety of
common concept classes we prove that, unless
P=NP, there is no polynomial time approximation
scheme for finding a member in the class that ap-
proximately maximizes the agreement with a given
training sample. In particular our results apply
to the classes of monomials, axis-aligned hyper-
rectangles, closed balls and monotone monomi-
als. For each of these classes we prove the NP-
hardness of approximating maximal agreement to
within some fixed constant (independent of the
sample size and of the dimensionality of the sam-
ple space). For the class of half-spaces, we prove
that, for anye > 0, it is NP-hard to approxi-
mately maximize agreements to within a factor of
(418/415 — ¢), improving on the best previously
known constant for this problem, and using a sim-
pler proof.

An interesting feature of our proofs is that, for each
of the classes we discuss, we find patterns of train-
ing examples that, while being hard for approx-
imating agreement within that concept class, al-
low efficient agreement maximization within other
concept classes. These results bring up a new as-
pect of the model selection problem — they im-
ply that the choice of hypothesis class for agnostic
learning from among those considered in this pa-
per can drastically effect the computational com-
plexity of the learning process.
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where the agreement rate is the fraction of sample points tha
the hypothesis classifies correctly.

In this paper we prove that for a variety of hypoth-
esis classed{, including monomials, axis-aligned hyper-
rectangles, closed balls, and monotone monomials, there is
constanty > 1 for which the following problem is NP-hard:

given a set of labeled examples, find a function in
‘H that has agreement rate within a factor of vy of
the best function in the class.

We also improve on the best previously known constédior
the class of half-spaces.

Itis not hard to see that such a hardness result implies the
hardness of finding a hypothesis that has error rate below the
error rate of the best hypothesis in the class plus some fixed
e > 0 (see [4]).

The hardness of PAC style learning is a very natural
guestion that has been addressed from a variety of view-
points. It has been shown that, given certain cryptographic
assumptions that are stronger thaANP or even RENP,
classes such as circuits of a constant (but unknown) depth
and polynomially many linear threshold gates [18] and
AND/OR/NOT gates [20] are hard to learn in the PAC model
using any hypotheses. However, such classes are too rich to
be considered useful for learning purposes.

Pitt and Valiant [21] showed that it is NP-hard to decide
if there is a 2-term DNF that correctly classifidéexamples
in a training sample. Blum and Rivest [6] established a sim-
ilar result for two-layer linear threshold networks withiypn
two hidden units, and DasGupta, Siegelmann and Sontag [8]
extended these results to apply to networks with piecewise
linear hidden units.

The earliest hardness results for agnostically learning
‘simple' classes address the problem of finding a hypoth-
esis thatnaximizes the number of agreements (rather than
just approximately maximizing it). Angluin and Laird [2]
showed that maximizing agreements with monotone mono-

We study the computational complexity of agnostic learning mials is NP-hard. Kearns and Li [17] established a similar
with a variety of common hypothesis classes. The agnosticresult for general monomials, and Hoffgen, Simon and Van
framework [14, 19] is a very useful variant of the PAC learn- Horn [16] for half-spaces.

ing model in which, informally, the learning algorithm is re
quired to do nearly as well as is possible using hypothesesa learner may be considered successful if it can produce a
from a given class. Haussler's work [14] (see also [21]) im- hypothesis with accuracy within a small constant factor of
plies that learnability in this model is, in a sense, eqeimal
to the ability to come up with a member of the hypothesis hardness-of-learning results, showing that guarantetgof
class that has highgreement rate with the training sample,
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One may argue, however, that for all practical purposes,

the best possible. We are therefore led to the next level of

type cannot be achieved.



Combining a reduction of Kearns and Li [17] with recent prove on the constant of Amaldi and Kann, and our proof is
results on the hardness of approximating set cover [10] im- simpler as well.
plies that, unless NE. DTIME(r!°81°87), finding a mono- Worst-case hardness results in learning theory are of-
mial that has a ratio of misclassifications within a factor ten subject to the criticism that the instances witnesdieg t
o(log n) of the minimum is not possible. Arora, Babai, Stern hardness of the problem are not representative of “real life
and Sweedyk [3] showed that is NP-hard to minimize dis- instances. Consequently, such results may not reflect the
agreements using half-spaces to within any constant fctor “practical' hardness of the learning task. There is no pre-
Hoffgen and Simon [16] established a similar result. cise definition for our vague and intuitive notion of ‘real-

While the work described in the preceding paragraph istic' instances. However, the patterns of instances upon
considers the minimization problem, we show the hardnesswhich our hardness proofs rely are “nicely clustered' ensem
of the corresponding maximization task. Why prefer one bles. Specifically, for each of the samples used to witnesss ou
over the other? Note that the task of approximating the op- hardness results there is a ball (either in the Euclidean met
timal solution to within a constant factor emphasizes good ric or in thel., metric) that separates the positively labeled
performance on different kinds of samples in the two cases. points from the negatively labeled ones.
Minimizing disagreements to within a constant factor tends An interesting consequence of our constructions is that
to emphasize performance on clean data, and maximizingfor any of the hypothesis classes that we discuss there are
agreements to within a constant factor tends to emphasizeinput distributions that, while being NP-hard to learn gsin
performance on noisier data. For example, if the best hy- that class, are efficiently learnable using some of the other
pothesis in the class agrees with 99% of the sample, an al-hypothesis classes. In particular, there are input pattéyat
gorithm that minimized disagreements to within a factor of are hard to approximate using rectangles but are easily full
2 would have to be correct on 98% of the data, where an al- separable by balls, and vice versa. These results have im-
gorithm that maximized agreement to within a facton of plications to the issue ofiodel selection. It is common to
would only need to be correct on 90% of the sample. On the discuss the model selection problem from the point of view
other hand, if the best hypothesis got only 80% right, then an of information complexity — i.e. the tradeoff between the
algorithm that minimized disagreements to within a factor o  the ability of a hypothesis in the class to explain the data
2 would only need to get 60% right, where an algorithm that and generalization ability. Our analyses show that theaghoi
maximized agreement to within a factor of 1.1 would have to of model class can further influence the computational com-
get over 72% right. Also, as mentioned above, if for all in- plexity of finding a good hypothesis, and that a poor choice
puts, the maximum agreement is at least a constant fragtion can simultaneously hurt the algorithm both by failing to ex-
of the input sizé, our results imply that minimum disagree- plain the data and by making it hard to find a good hypothe-
ment problem cannot be approximated in polynomial time to sis. (The influence of the choice of hypothesis space on the
within anadditive constant of (1 — 1/4). computational complexity of learning in the PAC model was

Two previous papers that we know of have addressed theaddressed by Pitt and Valiant [21].)
difficulty of maximizing agreement with a sample. Bartlett There is yet another implication of our results to model
and Ben-David [4] showed that approximating the agreement selection issues. Once a learner sees the training data, it
ratio of a one-hidden-layer neural network to within a (mul- would be desirable to be able to choose the hypothesis class,
tiplicative) constant factor that depends on the number of relative to which the learning process will proceed, so as to
hidden units in the network is NP-hard. Amaldi and Kann maximize the fit between the class and the data. We show
[1] showed that approximately maximizing agreements us- that the task of estimating the agreement rate of the optimal
ing half-spaces is APX-complete. Also, it is not too hard to hypothesisin any of the above mentioned classes (to within a

see that the following facts constant factor) is NP-hard. It follows that the task of ckoo
o ) ] ing a class to work with for a given data is in itself computa-
¢ weak learning implies strong learning [22] tionally difficult.

The paper is organized as follows: after providing the ba-
sic definitions in Section 2, Section 3 lists our computadion
hardness results. Sections 4 and 5 are where we prove these

together imply that gully polynomial time approximation  hardness results. In Section 6 we discuss the implicatibns o
scheme for approximate|y max|m|z|ng agreements using any our results on the Computatlonal aSpeCtS of model selection

of half-spaces, balls, monomials or axis-aligned recesmg|
would imply the learnability of DNF. 2 PRELIMINARIES

In this paper we consider several common concept In this work, we consider several maximization problems. A

classes — monomials and monotone monomials over themaximization problenil associates with any possible input
boolean cube, and half-spaces, balls and hyper-rectaingles | set of feasible solutions;. Each input and feasible so-

Euclidean spaces. For each of these classes, we show th%tion pair is associated a profit denotgg(c, 1) € R. We

there exists some constant,> 1, such that approximating — yonote the optimal profit of a maximization problem as fol-
the optimal agreement ratio in the class to within this con-

¢ half-spaces, balls, monomials and axis-aligned rectan-
gles are weak approximators to DNF (see [19])

‘ . lows:
stant factor is NP-hard. In the case of half-spaces, we im-
P opiy(1) = maxqn(c, ).
I
with stronger complexity theoretic assumptions, they doul
prove stronger statements. Definition 1 A ~y-approximation algorithm A for the maxi-
2For all the classes considered in this werk 1/2. mization problem 11 is an algorithm that on any input I out-
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puts a feasible solution A(I) € Ct such that:
v (A(), I) > opiy(1).

Naturally, this definition is meaningful for > 1.
This work concerns maximum agreement problems.

Definition 2 For a domain set D and a class C of functions
Sfrom D to {0, 1}, we define the Maximum Agreemenprob-
lem C-MA as follows: The input of the problem consists
of a sampleS, which is a finite multi-set of elements from
D x {0,1}. The first component of an example is called its
point while the second component of the example is called
its label The set C is the set of feasible solutions. We
say some function f € C agrees with an example (x,y) if
f(x) = y. The profit function q for a Maximum Agreement
problem is simply the number of examples in S with which
the solution agrees.

We will many times view the elements 6fas subsets of
D, rather than as functions fromto {0, 1}. We say a subset
C' C D agrees with an example:, y) if its characteristic
function agrees witlz, ).

The first type of maximum agreement problems we con-
sider are problems based on boolean formulas. We shall con
sider theC-MA problems for the following boolean classes
C:

Monomials A monomial over the variables, ..., w, is
a conjunction of some literals defined over these vari-
ables. We will denote the Monomials-MA problem as
MMA.

Monotone Monomials A monotone monomial is simply
a monomial that includes only positive literals. We
will denote the MonotoneMonomials-MA problem as
MMMA.

Anti-Monotone Monomial An anti-monotone monomial is
a monomial that includes only negative literals. We will
denote the AntiMonotoneMonomials-MA problem as
AMMA.

The second type of maximum agreement problems we
consider are problems where the definition of the class
based on geometric concepts. We shall consideCtNA
problems for the following geometric classes

Closed Balls A ball G in R" is represented by € R"™ and
6 € R such thatG = {# : d(&, %) < 6}. We will
denote the Balls-MA problem as BMA.

Half-spaces A half-spaceH in R” is represented byi €
R™ andf € R and definedtobell = {Z: @ & > 6}.
We will denote the Half-Space-MA problem as HMA.

Hyper Rectangles An Axis Aligned Hyper-rectangle®? is
represented by, 5 € R™ whereR = []}_,[ri, s;]. We
will denote the Hyper-Rectangle-MA problem as RMA.

Our basic hardness results will use reductions from
MAX-E2-SAT. MAX-E2-SAT is defined as follows: Given
as input a set df-clauses (each clause is a disjunction of two
literals) over a set of variableswy, .. ., w,, find an assign-
mentZ € {0, 1}" such that the number of clauses that are
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satisfied is maximized. We will denote the profit function
for MAX-E2-SAT by gmess. The following theorem, due to
Hastad [13], shows that approximating the optimal sohutio
to MAX-E2-SAT is hard.

Theorem 3 Assuming P#NP, there is no polynomial time
(22/21 — €)-approximation algorithm for MAX-E2-SAT, for
any ¢ > 0.

3 MAIN RESULTS

To show the hardness of the various maximum agreement
problems presented above, we use two basic reductions from
MAX-E2-SAT: One to Monomial Maximum Agreement,
and the other to Ball Maximum Agreement. These two re-
ductions, along with Theorem 3, allow us to prove the fol-
lowing two theorems:

Theorem 4 [f NP£P, then for any € > 0 there is no polyno-
mial time (770/767 — €)-approximation algorithmfor Mono-
mial Maximum Agreement.

Theorem 5 [If NP£P, then for any € > (0 there is no polyno-
mial time (418/415 — €)-approximation algorithm for Ball

Maximum Agreement.

Since the set of restrictions of indicator functions for
axis-aligned rectangles ), 1}” are exactly the indicator
functions for monomials, Theorem 4 directly implies the fol
lowing.

Theorem 6 If NP£P, then for any € > 0 there is no polyno-
mial time (770/767 — €)-approximation algorithm for Axis-
Aligned Rectangle Maximum Agreement.

Finally, we also show how the construction used in the
proof of Theorem 4 may also be used to prove the following:

Theorem 7 If NP£P, then for any € > 0 there is no polyno-
mial time (770/767 — €)-approximation algorithm for Mono-
tone Monomial Maximum Agreement.

A variation of the reduction used for the Balls Maximum
Agreement problem (utilizing the same gadget construltion
is used to prove the theorem on hardness of the Half-space
Maximum Agreement problem. This problem was shown to
be impossible to approximate in polynomial time to within
462/461 — ¢ by Amaldi and Kann [1]. We improve upon
their hardness result by proving the following:

Theorem 8 If NP£P, then for any € > 0 there is no polyno-
mial time (418/415 — €)-approximation algorithm for Half-
space Maximum Agreement.

In Section 6 we provide some further initial results on
the influence model selection has on the computational com-
plexity of learning.

4 MONOMIALS AND AXIS-ALIGNED
HYPER-RECTANGLES

In this section, we establish the hardness results for Mono-
mials and Axis-Aligned Hyper-rectangles.



41 GADGET CONSTRUCTION FOR MONOMIALS

In the instance transformation, for each of the possible
literals in an instance/ of MAX-E2-SAT, there will be a
variable in the instance (1) of MMA. For each litera¥ over
a variable in/, letw, be the corresponding variable fit7).

For each claus€, if /1 and/, are the literals i, define
#(C) to consist of five examples as follows:

¢ The first two examples are labelédand each of their
points sets exactly one variable to be true. The first of
these examples sets only, to be true, and the second
sets onlyw,, to be true.

The next two examples are labelédand their points
set exactly two variables to be true. The first of these
examples sets only,, andw;, to be true, and the sec-
ond sets onlyv,, andwy, to be true.

The last example is also labeleédand its point also sets
exactly two variables to be truez,, andw,,.

For some instancé of MAX-E2-SAT with m clauses,
f(I) consists of all examples in ay(C') for a clauseC' in
1, together withhm copies of an example labelddwhose
point does not set any variable to true.

For the solution transformatian given some monomial
M the assignment( M) is defined as follows: each variable
v; IS set to “true” if and only ifw,, does not appear if/.

4.2 ANALYZING THE REDUCTION

Fix an algorithmB for maximizing agreements using mono-
mials, and an arbitrary instandeof MAX-E2-SAT. Let n
be the number of variables amd be the number of clauses
in I. Let M be the monomial output b3 on input /(7).
Let optyma (F(7)) be the maximum number of examples
in f(I) that any monomial agrees with. Assume tha&
(0,3/7) satisfies

gama (M, f(1)) > (1 = y)optyma (F(1))-
Leta = g(M) be the assignment output bl

Lemma9 optypa(f(1)) > optypas(f) + 8m.

Proof: Leta* be an optimal assignment fér Define M * to
be A;w,, Wherel ranges over those literals not satisfied by
a*.

First, sincelM * has only negated literals, it is satisfied by
the assignment that sets all variables to false, and therefo
correctly classifies thém examples where this point is la-
beledl. Second, since for each literalising a variable i,
eitherw, or wy is included inM*, all of the points in which
these two components are both set to true do not satisfy
and therefore are classified correctly.

Choose a claus€, and let¢; and?; be the literals irC'.

Suppose that* satisfies exactly one of the literalsdn
and assume without loss of generality that itis Then the
pointin ¢(C') that sets onlyw,, to true satisfieds*, and the
point that setsv,, andw,, to true does not satisfy/*, so
both of these examples @f(C') are classified correctly by
M.
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If both literals inC' are satisfied by*, then both pointsin
#(C') which set the single variables;, andw,, respectively
to true satisfyM *, and they are both classified correctly.

If «* doesn't satisfy a clauge, then)/* does not contain
the point ing(C') that sets exactlyy;, andw,, to true, and
therefore classifies this point correctly.

So ifa* satisfies”, 4 of the examples ig(C') are classi-
fied correctly byM *, otherwise} are. Adding thém copies
of the assignment that sets all variables to false compiletes

proof. [
Lemma 10 M does not contain any unnegated literals.
Proof: We have
gmma (M, (1)) > (1= 7)optyma (f(1))
> (1 —7)(optypas (1) + 8m)
(by Lemma 9)
> (1= 9)(3/4m + 8m)
> 5m

sincey < 3/7. Therefore, since there are a total Idfim
examples inf(7), M must agree with th&m examples in
which the assignment which sets all variables to false is la-
beled with1, completing the proof. [

Lemma 11 For any clause C'in I, if a does not satisfy C,
then M agrees with at most 3 of the examples in ¢(C').

Proof: Choose one of the literals ifi, and let: be its vari-
able. Ifv; € C, thenw,, is included inM, and soM dis-
agrees with the example in which the assignment which only
setsw,, to true is labeled. If v; € C, thenw,, is not in-
cluded inM, and so

o if wy, is notincluded inM then M disagrees with the
example in which the point which only sets, andws,
to true is labeled, and

o if wg, isincluded inM, thenM disagrees with the ex-
ample in which the point which only sets;, to true is
labeled!.

So M disagrees with at least one example for each of the
literals inC', completing the proof. i

Lemma 12 For any clause C'in I, M agrees with at most 4
of the examples in ¢(C').

Proof: If M agrees with both of the examples that are la-
beled1, then it must disagree with the example in which the
point where both variables corresponding to literal€’iare
set to true is labeled.

Now we are ready to sum up the analysis of this reduc-
tion.

Lemma 13

qmE2s(a, I) > (1 — 357/3)optygas (1)



Proof: We have

gmess(a, 1) > quma(M, f(1)) —8m

(by Lemmas 11 and 12)

> (1 —7v)optyma(f(1)) —8m
(by assumption)

> (1 —7)(optypas(l) +8m) — 8m
(by Lemma 9)

= (I —5)optypas(l) — 8ym

> (1 —7v)optymas (1) — (32/3)y optygas (1)

(sinceoptygas (1) > (3/4)m)
(1 = 35v/3)optmeas (1),

completing the proof.
This, combined with Theorem 3, immediately proves
Theorem 4.

4.3 A HARDNESS RESULT FOR MONOTONE
MONOMIALS

Figure 1: One possible value of the exampleg (&) of the
gadget used for Balls and Half-spaces: only the components
with nonzero values, i.e. those that correspond to vargable
in C, are shown. Examples whose label iare plotted with
a“+”, and those whose label sare plotted with a “-".

component of the points in the examples of the sanfiplé.
Let us suppose there are a totahotlauses irf, which use a
total of n variables, and suppose the variables:are.., v,,.

Since, by Lemma 10, the optimal solution (as well as any ap- Associated with each claugge in I, there will be a collec-

proximate solution with cost not less thafi7 of the optimal)

tion¢(C') of examples iry (). All of the points in examples

contains only negated literals, the same hardness result apin ¢(C) will have nonzero entries only in components that
plies to classification by anti-monotone monomials (mono- correspond to variables appearinginin Figure 1, the pro-

mials with all literals negated). We thus have the following

Lemma 14 Assume B is a polynomial time ~-
approximation algorithm for MMMA. Then AMMA can be
~-approximated in polynomial time.

Proof: Given an instancé of AMMA, run B with input [
where] is constructed frond by flipping every component
in every sample point betwednand(. Given the monotone
monomial M = B(I), output the monomial’ which is
constructed from\/ by negating every literal. It is immedi-
ate that the profifi/’ achieves or is the same as the profit
M achieves or, and thatV/’ is indeed anti-monotone. Ad-
ditionally, the optimal solution to AMMA with inpuf has
the same profit as the optimal solution to MMMA with input
L.

This last Lemma, along with Lemma 10 and Theorem 4
immediately prove Theorem 7.

S BALLS AND HALF-SPACES

Next, we turn to the problems of Ball Maximum Agreement
and Half-space Maximum Agreement. The reductions for

both these problems rely on the same basic construction, de-

tailed below.

5.1 GADGET CONSTRUCTION FOR BALLS AND
HALF-SPACES

Choose an algorithnB for the problem of maximizing
agreements using balls. We will ugeto construct an algo-
rithm A for MAX-E2-SAT using a reduction. That is, given
an instance of MAX-E2-SAT, A will construct a sample
f(I), and pass it to algoriths. After B outputs a ball7,
A will construct an assignmeg{ (), and output it.

In the instance transformatigf) corresponding to each
variable in the instancéof MAX-E2-SAT, there will be one
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jections of the examples in one possible value @f') onto
the two components corresponding to the variables are
plotted. The “missing +” is in the position corresponding to
the assignment to the two variables(inthat fails to satisfy
C.

Now, let us specifyy formally. For each clausé’ and
each variable; from /, define

1 if v; € C
%(C):{ -1 ifv; €eC
0 otherwise.

Theng(C') consists of

e An example consisting of the pointis
(¥1(C), ..., ¥n(C)) and the label.

o Two more examples whose labellisand each of whose
points is obtained by negating one of the nonzero com-
ponents ofi..

e Two examples whose label i and each of whose
points is obtained by zeroing out one of the nonzero
components ofi¢.

¢ Two more examples whose labelisand whose points
are obtained by negating the single nonzero components
of the two0-labeled examples described in the previous
bullet point.

If ¢ is defined this way, theffi(/) is the multi-set con-
sisting of all examples i (C) for all clauses”" in 1.

Now we turn to the solution transformatign Choose
some ball¢7, specified by a center poimt and a radiug.
Then lety(G) be the assignment in which thigh variable is
set to “true” if and only ifw; is nonnegative.

We use the exact same construction to show the reduc-
tion to Half-space Maximum Agreement. The only part that



changes is the solution transformatipnGiven a half-space
H, specified by a vecto# € R”, and a threshold € R.
g(H) will then be the assignment in which the variables
set to “true” if and only ifw; is nonnegative.

5.2 ANALYSIS OF THE BALLS REDUCTION

Fix an arbitrary instancé of MAX-E2-SAT. Let n be the
number of variables anak be the number of clauses. L&t
be the ball output by an algorith® on inputf(7), and let
Z € R™ andd € Q be its representation. Let= ¢(G) be
the assignment output by.

Lemma 15 For any clause C'in I, if a does not satisfy C,
then G agrees with at most 4 of the examples in ¢(C).

Proof: Assume without loss of generality that the first two
variables appear in', and suppose th&t = {v,vs} (the
other cases can be handled similarly). Sina#oes not sat-
isfy C', the definition ofg implies that the first and second
coordinates ofv, the center o, are non-positive. We claim
the following hold:

(@ If (1,-1,0,...,0) € G, then(0,—-1,0,...,0) € G (re-
call that the first of those is labelddin ¢(C'), and the
second is labeled).

(b) If (—1,1,0,...,0) € G, then(—1,0,0, ...,0) € G.

(¢ If (1,1,0,...,0) € G, then both(1,0,0,...,0) and
(0,1,0,...,0)areinG.

To see that this is indeed the case, simply check that
d((1,-1,0,...,0),@) > d((0,-1,0,...,0), @) for any point

w whose first two coordinates are non-positive. Hence, any
ball centered in such a point that contaifis—1,0, ..., 0)
must contain0, —1, 0, ..., 0) as well. The same can be eas-
ily verified for (b) and (c). i

Lemma 16 For any clause C' in I, G agrees with at most b
of the examples in ¢(C').

Proof: Clearly, if G is to agree with more tha# points
from ¢(C), it must include at least one point that is labeled
positive. Assume again, w.l.0.g., th@t= {v;, v, }. If both
the pointg1,—1,0,...,0)and(1,1,0,...,0) areinGG, then
(1,0,0,...,0) must also be in7, asG is convex. Also,
if both (-1,1,0,...,0) and(1,1,0,...,0) are inG, then
(0,1,0,...,0) must also be i5. Thus, if G includes two
positive points, it must include at least one negative point
Finally, note that if it includes al} positive points, it must
include at least two negative points. Thus, no more than
points are correctly classified.

Let optygag(7) be the maximum number of clauses in

Letd* = /n—2,G" = {& : d(Z, @) < 8}, andC be
some clause. Since each pairk ¢(C') that is labeled has
exactly one non-zero coordinate, and all the coordinates of
w* are eitherl or —1, we haved(i, &*) > +/n — 1. There-
fore, G* agrees with all labeled points ins(C'). On the
other hand, ifC' is satisfied byu*, then the poini that has
two coordinates set to the same sign and value as*iis
labeledl in ¢(C). Hence, we havé(u, @*) = /n — 2 and
u € G*.

Thus, for each clausg that is satisfied by*, H* agrees
with at least examples ins(C'), and for each claus€ that
is not satisfied by*, H* agrees with at leadt of the exam-
plesing(C'). This completes the proof.

Now we are ready to sum up the analysis of our reduction

Lemma 18 If

gema (G, f(1)) > (1 = v)optpma (f(1))

then
qmEzs(a, 1) > (1 = 19v/3)optygas (1)

Proof: We have

Q(aaI) > Q(Gaf(l)) —4m
(by Lemmas 15 and 16)
> (1 —7)optgma(f(1)) — 4m
(by assumption)
> (1 =) (optypas({) +4m) —4m
(by Lemma 17)
= (1 =7)optypas({) — 4ym
> (1 —y)optygas (1) — (16/3)y optygas (1)

(sinceoptygas (1) > (3/4)m)
(1 —19v/3)optyeas (1),

completing the proof.
Using this last Lemma, and Theorem 3, and doing some
calculations proves Theorem 5.

5.3 ANALYSIS OF THE HALF-SPACE REDUCTION

The analysis of the reduction for the HMA problem is very
similar to that of the BMA problem.

Fix I, n andm as for the analysis of the balls reduction.
Let / be the half-space output by on inputf(7), and let
@ € R™ andé be its representation, i.6¢/ = {7 : & - ¥ >
0}. Leta = g(H) be the assignment output bl

Lemma 19 For any clause C'in I, if a does not satisfy C,
then H agrees with at most 4 of the examples in ¢(C).

I than can be satisfied by any truth assignment, and letProof: Assume without loss of generality that the first two

optema (f(1)) be the maximum number of examplesfifT)
that any ball agrees with.

Lemma 17 optgya (f(1)) > optygas (1) + 4m
Proof: Leta™ be the optimal assignment fér Definew*

by
w;‘:{

1
-1

if a*(v;) = true
if a*(v;) = false.
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variables appear in’, and suppose thd = {v, v2} (the
other cases can be handled similarly). We claim that the fol-
lowing hold:

(@ If (1,-1,0,...,0) € H, then(0,-1,0,...,0) € H (re-
call that the first of those is labelddin ¢(C'), and the
second is labeled).

(b) If (—1,1,0,...,0) € H,then(—1,0,0,...,0) € H.



(¢ If (1,1,0,...,0) € H, then both(1,0,0,...,0) and
(0,1,0,...,0)areinH.

Taking (a), (b), and (c) together, at least as many points
that are labeled in ¢(C) as are labeletl are contained i/ .
Since overalls(C') has one more point label@dhan labeled
1, this implies that the number of points labelethat are not
in H is at most one more than the number of points labéled
that are not inH . Therefore, overallH agrees with at most
one more point than it disagrees with, which implies tHat
agrees with at most points ing(C'). So if we can prove (a),
(b), and (c), we are done.

Sincea doesn't satisfy, it must sety; andwv, to “false”,
which impliesw; andw- are negative.

To prove (a), note that iff containg1, —1,0, ...,0),then
wy; — wy > 0. But sincew; < 0, this implies—w, >
¢, which meang0, —1,0,...,0) € H. One can prove (b)
similarly.

If (1,1,0,...,0) € H, thenw; + ws > @, but sincew,;
andw, are negative, themw; > 4 andw, > @, proving (c)
and completing the proof.

A nearly identical proof, which is omitted, establishes the
following. (This lemma can alternatively be verified with a
trivial case analysis.)

Lemma 20 For any clause C'in I, H agrees with at most b
of the examples in ¢(C').

Let optygag(7) be the maximum number of clauses in

I than can be satisfied by any truth assignment, and let

optma (f(7)) be the maximum number of examples in
f(I) that any half-space agrees with.

Lemma 21 optyya (f()) > optymas (1) + 4m

Proof: Let a* be the optimal assignment fér Definew* by

* __

Let¢* = 2, H* = {# : &* - ¥ > 6*} andC be some
clause. Since each point@{C') thatis labeled has a single
nonzero component ifi—1, 1}, it cannot be inH*. There-
fore H* agrees with all the examples i#(C) that are la-
beled0. Since each point that is labeled in ¢(C') has two
nonzero components, and they are{inl, 1}, o* - @ > 2
if and only if both of these have the same sign as the cor-
responding components a@f*. If «* satisfiesC', then the
definition of ¢ (C') implies that one such point is labelédn
4(C).
Thus, for each clausg that is satisfied by*, H* agrees
with at leasts examples ins(C'), and for each claus€ that
is not satisfied by*, H* agrees with at leadt of the exam-
plesing(C'). This completes the proof. i
Now we are ready to sum up the analysis of our reduction

1
-1

if a*(v;) = true
if a*(v;) = false.

Lemma 22 If

guama(H, f(1)) > (1 = v)optuma(f(1))
then
qmezs(a, I) > (1 — 19v/3)optypas (1)
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Proof: We have

Q(aaI) > Q(Haf(l))_4m
(by Lemmas 19 and 20)
> (L =7)optuma(f(1)) —4m
(by assumption)
> (1 =) (optyeas({) +4m) —4m
(by Lemma 21)
= (1 =7)optypas({) — 4ym
> (1 —y)optygas (1) — (16/3)y optygas (1)

(sinceoptygas (1) > (3/4)m)
(1 —19v/3)optyeas (1),

completing the proof.
Using this last Lemma, and Theorem 3, and doing some
calculations proves Theorem 8.

6 COMPUTATIONAL ASPECTS OF
MODEL SELECTION

The constructions we used for our reductions illustrate an
aspect of model selection related to the computational com-
plexity of learning: While our constructions yield datasset
that are computationaly hard to learn using one concept
classes, they are easy to learn using other concept classes.
More generally, there exists, for each of the concept ctasse
we considered above, a subset of its legal inputs for which
the maximum agreement problem can be solved in polyno-
mial time. On the other hand, these subsets, of “easy” inputs
for one concept class, include inputs for which maximizing
agreements using the other concept classes we consider is
NP-hard. Therefore, when considering the problem of model
selection, one must take into account not only the approxi-
mation error of a class, but also the computational complex-
ity of using that class with the data at hdnd

We now turn to listing the conditions under which the
various Maximum Agreement problems we consider become
easy to solve:

Claim 23 ([7]) The RMA problem may be solved in poly-
nomial time for inputs that are separable by an axis-aligned
rectangle.

Claim 24 The BMA problem for inputs that satisfy:

1. There exists a ball of radius 1 that contains all the pos-
itive points and none of the negative points of the input.

2. All negative points are at distance at least 1 + ¢ (for
some constant c) from the center of all balls of radius 1
that captures all positive points.

is solvable in polynomial time.

3In the examples we show here, the two considerations, namely
approximation error and computational complexity, hapioeco-
incide: exact fitting goes hand in hand with low computatlona
complexity. The question remains whether this is true inegel
though.



In the proof of this claim, we use the following result of
Ben-David et al. [5]:

Theorem 25 [5, Theorem 5.1] There exists a family
(Ak)k>1 of polynomial time algorithms such that the fol-
lowing holds: For all n > 2 and k > 1, Ay on input
S C R outputs a point y € N™ such that the closed ball
B(y, 1 + \/1/k) contains not less points of S than the opti-
mal closed ball of radius 1.

We are now ready to sketch the proof of Claim 24:

Proof Sketch: We show an algorithm to solve the Ball Max-
imum Agreement problem for such inputs, based on the un-
supervised learning algorithm for balls of [5]. We use this
algorithm in the following way: We strip the original input
of all the negative points, and pass as input to the algorithm
of Ben-David et al. all the positive points. We receive as out
put a ball of radiud + \/1/k, which we use as the output to
the Maximum Agreement problem.

It is easy to see that, on the kinds of inputs we consider,
if we pick k so that\/1/k < ¢/2, the resulting ball will in-
clude all positive points and none of the negative ones,éenc
solving the Maximum Agreement problem exactly.  []

Corollary 26 For the set of labeled inputs that are separable
by an axis-aligned hyper-rectangle, the Axis-Aligned Hyper-
Rectangle Maximum Agreement problem may be solved in
polynomial time, yet the Ball Maximum Agreement prob-
lem cannot be approximated for these inputs, to within
418/415 — ¢, in polynomial time (for any ¢ > 0), unless
P=NP.

Proof: Recall the construction of sample points used in Sec-
tion 5.1. It can be easily verified that, by slightly increasi
the non-zero component of tielabeled points (fron to,
say+/2), the reduction remains valid by modifying the proof
of Lemma 15. The resulting construction is clearly separa-

ble by rectangles, since the rectangle defined by the inter-

val [—1, 1] in all coordinates would include onli+labeled

points. Therefore, by Claim 23, a separating rectangle may

be found in polynomial time.
Furthermore, by making a slight modification to the con-
struction, we can show the following:

Corollary 27 For the set of labeled inputs satisfying the
conditions of Claim 24, the Closed Ball Maximum Agree-
ment problem may be solved in polynomial time, yet the
Open Half-space Maximum Agreement problem®* cannot be
approximated for these inputs, to within 418 /415 —e, in poly-
nomial time (for any ¢ > 0), unless P=NP.

new gadget is hard to approximate to withihg/415 — ¢
using open half-spaces.

On the other hand, we can also show a construction that
is easy for balls to classify, and hard for rectangles toappr
imate. The construction we used for Monotone Monomials
(which is thus also hard for rectangles to classify corggctl
is very easy for balls: Note that all points labeletiave at
most one coordinate that is setitowhile all 0 labeled points
have at least two coordinates settdy adding a single pos-
itive point of the form(—1, 0, .. ., 0), the input would satisfy
the conditions of Claim 24 with = v/2 — 1, making it easy
to separate with a ball. On the other hand, it is easy to see
that the hardness result for hyper-rectangles remain essen
tially unchanged. Hence we have:

Corollary 28 For the set of labeled inputs satisfying the
conditions of Claim 24, the Closed Ball Maximum Agree-
ment problem may be solved in polynomial time, yet the Axis

Aligned Rectangle Maximum Agreement problem cannot be

approximated for these inputs, to within 770 /767 —¢, in poly-
nomial time (for any € > 0), unless P=NP.

We therefore see that the same sample may be computa-
tionally easy to learn using one hypotheses class, while be-
ing NP-hard to learn using a different class. Furthermore,
these is no clear hierarchy in the power of these hypothe-
ses classes: While balls are superior to rectangles on some
inputs, rectangles are superior to balls on other inputs.

While our proofs, as they appear above, show the hard-
ness of actuallyinding a solution to the approximation prob-
lem, we also claim that approximating the optimgteement
rate for these problems is as hard as finding the optimal solu-
tion. Clearly, finding a solution is at least as hard as finding
its profit. To see that the converse is also true, note that all
the reductions we used in our construction would work just
the same if all we wanted was to estimate the profit of the
optimal solution. By examining Hastad's proof for the hard
ness of approximating MAX-E2-SAT, one can verify that the
result still holds even if all that is required is to approzie
the number of clauses that may be satisfied. Thus, we have
the following results:

Corollary 29 [t is NP-hard to approximate the optimal
agreement rate for the Monomial Maximum Agreement prob-
lem, to within a factor of (770/767 — €), for any € > 0..

Corollary 30 [t is NP-hard to approximate the optimal
agreement rate for the Ball Maximum agreement problem,
to within a factor of (418/415 — €) for any € > 0.

Corollary 31 It is NP-hard to approximate the optimal
agreement rate for the Axis-Aligned Rectangle Maximum

Proof: We consider the construction given in Section 5.1, Agreement problem, to within a factor of (770/767 — €), for

but with the labeling reversed. Now, all positive points are
at a distance of from the origin, while all negative points
are at a distance af/2 from the origin. This input clearly
satisfies the conditions of Claim 24 with= /2 — 1, and

any ¢ > 0.

Corollary 32 It is NP-hard to approximate the optimal
agreement rate for the Monotone Monomial Maximum

hence a separating ball may be found in polynomial time. On Agreement problem, to within a factor of (770/767 — ¢), for
the other hand, the complement of a closed half-space is arfy € > 0.

open half-space. Therefore, it is immediate to see that thiSCorollary 33 It is NP-hard to approximate the optimal

“By open half-space we mean that the half-space is defined as?§7¢ement rate for the Half-space Maximum agreement

H={i: - &>6}.
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problem, to within a factor of (418/415 — €) for any € > 0.
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In this paper, we have established the hardness of approxi- [8] Bhaskar DasGupta, Hava T. Siegelmann, and Ed-

mately maximizing agreement with a sample using a variety uardo D. Sontag. On the complexity of training neural

of simple hypothesis classes, and discussed consequences 0 networks with continuous activation functioné£EE

our proofs concerning the problem of model selection. Transactions on Neural Networks, 6(6):1490-1504,
We do not know of any nontrivial approximation algo- 1995.

rithms for the problems addressed in this paper; the emghasi [9] D. P. Dobkin, D. Gunopulos, and W. Maass. Com-

of this_critereon on performance on dirty sar_nples suggests puting the maximum bichromatic discrepancy, with ap-

that this framework may be useful for evaluating algorithms plications in computer graphics and machine learning.

for learning using simple hypotheses. Such algorithmsctoul Journal of Computer and System Sciences, 52(3):453—

then potentially be applied in practice in conjunction with 470, 1996.

boosting [12, 11]. Ben-David, Eiron and Simon [5] consider [10] U. Feige. A threshold ofogn for approximating set

a different notion of approximation for densest region dete cover.Proc. 28th Ann. ACM Symp. on Theory of Comp.,

tion. Their results may be used to construct efficient algo- pages 314-318, 1996.

rithms for the ma_ximum_agreement problem for some of the [11] Y. Freund and R. Schapire. Experiments with a new

Clas_ses we consider. G|Ve_n a margin paramgtehese al- boosting algorithm. I®roc. 13th Int. Conf. on Machine

gorithms output, for every input sample, a membetiahat Learning, pages 148—-156. Morgan Kaufman Publish-

classifies Corre_ctly as many sample points as any member ers, 1996.
of 7 can classifywith margin > ;. (where the margin of a  [12] Y. Freund and R. E. Schapire. A decision-theoretic

point relative to a hypothesis is the radius of the largeBt ba generalization of on-line learning and an application to

around the point that does not intersect the boundary of the boosting.Proceedings of the Second European Confer-

hypothesis). ence on Computational Learning Theory, pages 23-37,
Approximation algorithms for the corresponding mini- 1995.

mization problems in the cases of half-spaces, monomials[13] J. Hastad. Some optimal inapproximability results.

and axis-aligned rectangles follow from the work of Kearns Proceedings of the 29th ACM Symposium on the The-

and Li [17] (see [15, 19]). An efficient algorithm for max- ory of Computing, 1997.

imizing agreement with a sample using axis-aligned rectan-[14] D. Haussler. Decision theoretic generalizations ef th

gles in the case of a constant number of attributes was de- PAC model for neural net and other learning applica-

scribed by Dobkin, Gunopulos and Maass [9]. tions. Information and Computation, 100(1):78-150,

1992. Preliminary version in FOCS'89.
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