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Abstract

We consider on-line density estimation with a Gaus-
sian of unit variance. In each trialthe learner
predicts a mea#,. Then it receives an instance
x; chosen by the adversary and incurs |§£9t -
x;)%. The performance of the learner is measured
by the regret defined as the total loss of the learner
minus the total loss of the best mean parameter
chosen off-line. We assume that the horiZbn

of the protocol is fixed and known to both par-
ties. We give the optimal strategies for both the
learner and the adversary. The value of the game
isiX?(In7T —Inln7 + O(InlnT/InT)), where

X Is an upper bound of the 2-norm of instances.
We also consider the standard algorithm that pre-
dicts with 6 Zf];ll x,/(t — 1+ a) for a fixed

a. We show that the regret of this algorithm is
$X2(InT — O(1)) regardless of the choice of
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1 Introduction

Consider the following simple repeated game based on Gaus-
sian density estimation. The learner plays against an adver-
sary. In each triat the learner produces a meé@p. Then

the adversary provides an instance veatpiand the loss of

the learner is%(ot — x;)? (in other words we assume unit
variance). Assume thkorizon of the game (number of tri-

als) is fixed tol' andT' is known to both parties. Consider
the followingregret or relative loss

1 1
5 Z(Gt — $t)2 — IBI'If 5 Z(OB — $t)2.
t=1 P f=1

This is the total on-line loss of the learner minus the total
loss of the best mean parameter chosen off-line based on all
T instances. The goal of the learner is to minimize the regret
while the goal of the adversary is to maximize it.

For the analogous problem of density estimation over a
discrete domain w.r.t. log loss, Shtarkov gave the minimax
strategy and an implicit form of the value of the game called
the minimax regret [8]. Freund [3] gives an explicit for-
mula for the minimax regret for Bernoulli density estima-
tion: (1/2)In(T + 1) + In(7/2) — O(1//T). The minimax
strategy has also been computed for the universal portfolio
problem [5]. In this case the strategy is not efficiently com-
putable, but the minimax regret for the universal portfolio
problem is the same as the minimax regret for Bernoulli den-
sity estimation. Our work on the minimax regret is different
from a large body of work that has its roots in the Minimum
Description Length community [6, 7, 12, 9, 10, 13]. In short
we require the learner to choose its on-line parameters from
the same model class from which the best off-line parameter
is chosen. We will discuss the differences in Section 3.

In this paper we give the minimax strategy for Gaussian
density estimation for both the learner and the adversary.
These strategies are simple and efficient. At ttiad ¢t < 7'
the learner should intuitively choose the average of the past
t — 1 instances as its mean. However the optimal strategy of
the learner is to choogh = ¢; th;ll x4 Wherec, is slightly
smallerthani/t: ¢, = 1/(t+1InT —1In(t+O(InT))). (Note
thatc; depends on the horizon.) We give a simple recurrence
for the optimal shrinkage facter;. If the learner plays op-
timally then the regret i% Zthl cyx?. To get the minimax
regret we need to restrict the adversary to choose instances of

fManfred Warmuth was supported by NSF grant CCR-9821087. 2-norm bounded above by some constdnfOtherwise the
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adversary can make the regret unbounded in just one trial). In this paper we assume that the variance-covariance matrix
Now the minimax regret of horizdh' is ¥ is fixed and known. In this case we can construct fdoi

vz I 1 linear transformationd that maps an instanceto z = Ax

ll ¢ ==X*(InT—InlnT+O(nlnT/1InT)). (1) so thatz is subject to the Gaussiavi(v, I), wherev = A0

2 ~ 2 and/ is the unit matrix. So without loss of generality we can
The— Inln T term is surprising because many on-line games assume that the parameter space consists of mean vectors.
were shown to havé)(In T') upper bounds for the minimax ~ Namely a mead represents the density function
regret[2, 5, 3, 11, 1, 13, 14]. 1 1 9
There are some intriguing properties of the optimal strate- p(x|0) = @2m)? exp (‘5(5‘” -0 ) :
gies of both parties. First, the learner does not need to know
the upper boundX on the 2-norm of the instances. Sec-
ond, the strategies we give for both players are still opti-
mal even when the opponent plays non-optimally in the past.
Third, the adversary can restrict its choice of instances to two . 1 9 ) .
points: plus or minusY times a unit vector. Even with this 'g)Stlhn;pgétasfi\(/zci)r?V\./itr\llvg-r:?)?:rrwlcattﬂr}e ogtsft)arnggnfgarfil
restricted choice of the instances the adversary can force a 0. That i lett — R" < %1 wh
regret at least as large as the game value. In other words theX > 0. .a is, we lett’ = {z € | ll=ll < X}, where
algorithm cannot take advantage of the restricted choice of 1=l = V? denotes the 2-norm af. .
the adversary. An on-line algorithm called the learner is a functién
Perhaps the most natural algorithm for Gaussian density X* — R™ that is used to choose a parameter based on the

estimation is to start with an initial instanag and predict past instance sequence. The protocol proceeds in trials. In

_ awo+ ' w, ) o each trialt = 1,2,...,T the learner chooses a parameter
with 8, = ——=“=—. Herea > 0 is the multiplicity of 0, = 0(zt~1), wherez!~! = (z1,...,2._,) is the in-

For 8 and an instance we define the loss as the negative
log-likelihood — In p(x|0) = 1(x — 6)* + ¢, wherec is a
constant independent ef and@. Since the constant term
does not matter in our analysis, we define the losafand

a+t—1
for Gaussian density estimation. This prediction algorithm 4p, instancer, € X and suffers loss (6, — ;)2. The total
is the d algorithm of [1]. The same algorithm was . .
forward algorithm of [1] g loss of the learner |§ ZtT:l(Bt —x;)?. Let@p be the best

investigated in parallel work by Gordon [4]. The forward al- ST X /
gorithm was inspired by a similar related algorithm of Vovk Parameter in hindsight (off-line setting). Namely,

for linear regression [11]. 1 E . ®T
We show that the regret of the forward algorithm is larger 0p = arg igf B} 2(9 —x)” = T )

than1 X?(InT — O(1)) regardless of the choice af This t=1

holds even if the constantis allowed to depend on the hori-  wherez,. , is shorthand foy ", x,. We measure the per-

zonT'. On the other hand, for the fixed choicewt 1 the

forward algorithm works without knowin@' and the regret

is at most%X2(1 +1InT) [1]. So, for the forward algorithm

formance of the learndd for a particular instance sequence
xT by theregret, or therelative loss, defined as

there is no significant gap between the cases when the hori- s 1 & , L .1 T )
zon is known or unknown to the learner. Rr(0,27) = 5 > (0 — )’ - inf 5 > (05 — @),
We conjecture that if the horizon is not known then an t=1 t=1

adversary can always force any learner to have regret at leasfT he goal of the learner is to make the regret as small as pos-
$X?(InT — O(1)). All lower bound techniques that we  sible. In this paper we are concerned with the worst-case
know of [13, 11] are of the formiX2InT(1 — o(1)). regret and so we do not make any (probabilistic) assumption
Thus these lower bounds do not lié above the value of the On how the instance sequence is generated. In other words,
game given in (1), which can be expressed as the preceding protocol can be viewed asagame between the
%X2 In7(1—O(lnln T/ In T')). This means that the known I(_aarner and the adv_ersary, V\_/h_erge the regretis the payoff func-
techniques are not strong enough to bring out the difference tion. The_learner tries to minimize the regret, while the ad-
between the cases when the horizon is known or unknown, Versary tries to maximize it. .

Besides resolving the above conjecture this work raises a  Assume that the horizon (the number of tridls of the
number of open problems. Are there other cases where thed@me is fixed and known to both the learner and the adver-
minimax strategies are simple and efficient? In particular, we Sary- In this case the game value calledrtii@imax regret is
don’tknow the minimax strategy for linear regression and for Well-defined and given by

Gaussian density estimation with an arbitrary variance. Ry =inf sup Rp(6,z%).
2] :DTGXT
2 On-line density estimation with a Gaussian Alternatively we can define the minimax regret as
We first give a formal framework of the on-line density es- Rr = igf sup ---ienf sup
timation problem with Gaussian densities. For a veator tmEeX T ereX
z' denotes the transposition ®fandzx 2 is shorthand for the 1L , 1 L "
realz’x. Ann dimensional GaussialV (0, ) has density 3 Z(Ot —xy)” — ienf 3 Z(OB —x)” ).
function t=1 B o=
1 1 0)'3—1 0 The minimax regreRR; is achieved when both the learner
(2m)"/2[Z|1/? €Xp _§(w - 0) (z—86)). and the adversary play optimally.
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3 Difference from Rissanen’s stochastic underlying model class that is used to define the loss of

complexity model the best off-line parameter. That is, for Gaussian den-
sity estimation, the predictions of the learner must be
There is a large body of work on proving regret bounds that Gaussian as well.
has its roots in the Minimum I_Description Length commu-
nity [7, 12, 9, 10, 13]. In their model, the learner is in- 2 Theindividual instances, does not need to be bounded.
terpreted as a coding scheme for the set of sequences of  For Gaussian density estimation, a natural choice would
lengthT. The coding scheme is specified by a probabil- beK = X = {z | ||=|| < X}. In this case, the con-
ity mass functiprlq(a:T). (Note thatg is not necessarily diton 7 € Wr meanse,_ /T € X, which is much
i.d.) In each triak, the learner (coding schemefirst pro- weaker than the condition that, € X’ for all ¢ that we
vides the conditionaj(-|z*!) based on the past sequence use.
xz!~1. The conditional defines the coding for the next in-
stance. The Ieatrinlerthefn observes the instanand incurs  |n comparison with the setting in this paper, it is obvious
loss — In g(z¢|z* ") which is the code length at;. Thus,  that difference 1 gives more choices to the learner while dif-
the total loss ference 2 gives more choices to the adversary. In fact, for
T Gaussian density estimatioR/,. is incomparable withRr.
Z —Ing(z; |zt t) = —Ing(x?) More precisely, for Gaussian density estimation, the mini-
Py max regret of (2) withk' = {x | ||z|| < X }is
is the code length of the sequeneé. The regret of the , n. T
learnerg for =™ relative to a family of probability mass func- Ry = 9 In o
tions{p(-|0) | 6 € O} is defined as + In(volume of the ball of radius) + o(1).
Ry(g,2") = —Ing(@") + lnp(@’|0p(z")), = E(1 +InT) +nlnX — ntl Inn — 11n7r +o(1).
where 2 2 2
0p(x”) = arg inf —Inp(z’|6) The second term of the first equality comes from the fact
. _ o oce . . that Fisher information matrix is the unit matrix. The second
is the maximum likelihood estimator af! in ©. That is, equality is derived from the fact that the volume of the ball

the regretR7.(¢, ") is the code length o&™ based oy of radiusX is X"7™/?/T'(n/2 + 1). On the other hand, we
minus the code length based on the ideal coding scheme foryj|| show that the minimax regret in our setting is

the parameter spa€e So the regret can be thought of as the
redundancy of the coding scheméor z 7 relative to®. Let
Wr be a set of sequences of lendgth Then the minimax
regret for the sel¥/ relative toO is defined as

1
Ry = §X2(1nT —InlnT) + o(1).

It is interesting to see thak/, depends on the dimension
Ry =inf sup Ry(q,z?). while Ry does not. Moreover, iR/, the boundX of the
7 2TeWr instance space appears in a term independentwhile in

Letg* be the optimal coding scheme that attains the minimax Rr it appears in the leading term.

regret. Rissanen called the code length ¢* () of ”

the stochastic complexity of =" with respect td¥V; and®. 4 Minimax regret for Gaussian density
In particular, Rissanen [7] showed under some condition on estimation

O that if Wy = {z? | 6p(z?) € K} for some compact

subseti’ C ©, then We first define a sequence of shrinkage factors that will be
T used to define the optimal predictions of the learner.
R'T:g1n2—+1n/ VI0)]d0 +o(1), (2 pHmALP
T K

where® C R" is of dimensiom and
1(0) = (Eo(—0°Inp(:|0)/06:06;)); ;

denotes the Fisher information matrix &f In the case of
Gaussian density with unit variance, the parameter sface
is R™ and the Fisher information matrix is the unit matrix.
The minimax regret defined above is different from ours Suppose in triat that, based on the past sequeacg’, the
in the following two points. learner chooses a paramethr = 6(z'~!). Now we rep-
. . . . resent the parameter by, = 0; — ¢;x;. ;1 and in what
1. The coding schemeis arbitrary. In particulay does follows we sometimes usA, to denote the choice of the

not need to be in the model clags(-|0) | 8 € ©}. The - t—1
model class is used just as the reference set to measureleamer' (Recallthat, ., is shorthand foEq:l ) The

the performance of the learner. On the other hand, in VeCtorA: Is the offset from,x, ., and the latter will be
our setting we require the predictions of the learner to shown to be the optimal choice of the learner.
be “proper” in the sense that they must lie in the same

Definition 1 Let {c; }1—o, .., be the sequence recursively de-
fined as

cr = ]./T,
1 =cit+c (1<t<T).
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Lemma 1 Forany learner 0 and any instance sequence x'1 € It is interesting to see that the first equality in the above
(R™)T, theorem holds even when the instance space is unbounded.
1 T T Moreover we can see that whenever a}II instances are of the
0 7\ — = 2 — ) same norm (i.el|z;|| = X) the regretistc; 7X2.
B (0,27) 2 thwt * Z(ctwl"t_l we) A Next We(giv“e aHstrate)gy for tghe asgversary that chooses
T instances: For each triaif the learner choose4, then the
_l_l Soaz 3) adversary chooses

xy = —XA/[|A]]. )

Proof. For a Gaussian the best parametdtis= x..r/T. Here we use a convention th@t||0|| denotes the unit vector
So by definition the regret is (1,0,...,0). Note thate? = X2. We will use the following
T lemma.

T
- 1 . 1 .
RT(O,.’BT) = 5 E (.’Bt — Bt)z — 5 E (.’Bt — .’Bl“T/T)Z
t=1 t=1

Lemma 2 For any 1 < t < T and any instance sequence

1 2 (wl..T)
-3 Z 0 - ngat T Proof.  An easy induction shows that < 1/¢t. By the
. t=1 =1 triangular inequality we have
Plugging; = c,z;.,—1 + A, into the above formula, we

have =t

A,wT) ||Ct5171..t—1|| < ctz;Ha:qH < (t—].)X/t<X.
q:

=

T

O
(ctxr.1—1 + At)2

I
N =
[~

~
Il
-

Theorem 2 Let 6 be any learner. Let " be the sequence in

L , 1 5 which each instance is given by (5). Then,
- Z zy(ci1 -1+ Ar) + 567’(:81..7’)

T
t=1 ~ ]. ].
= Ech(wl,,t71)2+ §ZA3 +thwll,,t71At . t:1.
t=1 . =1 =1 Proof. Lemma 1 withz, = —X A, /||A¢|| gives
1 .
! 2 T
=) xmi(axr -1+ A) + ser(zr)”. (4) . 1 ‘
; 2 Rr(0,z") = 501..TX2 + Z(CtﬂJl..t—lAt + X||A])
Sincec; | = ¢; + ¢? the first sum is t=1

T

T
Zcf(fvl..t—l)z z::

l\JI»—l

T Using Lemma 2 we have
_ _ 2
= Ll oy b 2 e all|Add] 2 XA
T This completes the theorem. |
= Z cio1(x1 -1)? — ci(my4)? Surprisingly the adversary can restrict its _choice qf in-
pa} stances to two point8’ = {—Xe, Xe}, wheree is an arbi-

trary unit vector, saye = (1,0,...,0). Even with this re-

2 2
+e(@r.0)” = cr(@1.0-1)7) stricted choice of the instances, we claim that the adversary

) T , 5 can force a regret at least as large as the game value. Now
= —cr(z.0)’ + Yo (2wj@y 1 + 7). the adversary chooses = —X (¢/A,)e/|e'A,|. Namely,
t=1
Plugging this into (4) we have the lemma. | 2, = { —Xe if e:At >0,
Note that in the lemma we do not need to bound the instance Xe ife'A; <O.

space.
Now we show thatA;, = 0 (i.e.,0; = c;x1. ;1) gives
the optimal choice of the learner. The next theorem follows

For this choice, it is not hard to see that the summand in the
second term of (3) is still positive:

immediately from Lemma 1. a1 Ay — Ay > —||a@y o |]|e’ A + X e’ Ay
Theorem 1 Let 6 be the learner that chooses Ay = 0 forall > 0.
t. Then for any instance sequence ! e xt, So the claim holds.
By Theorem 1 and Theorem 2 we can conclude that the
Ry Z ey < —01 X7 optimal strategy of the learner is to chodsg = c;xq. ¢ 1

and the minimax regret i§c1"TX2. It is surprising that the
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optimal choice of the learner does not dependXn This
implies that the learner does not need to know the bound of
the instance space. Unfortunately the coefficientsee the
recurrence of Definition 1) depend on the horiZband do

not have a closed form. However we can show tight bounds
for ¢; andcy 1.

Lemma3 Foranyl <t <T

1
<
t+n(l +1) —In(+1) ="

<
T t+In(T+1)—In(t+2+1In(T + 1))

).

We will give a proof in the appendix. We summarize the
results of this section in the next corollary.

and
InlnT

InT

ci.r=InT—InlnT + O (

Corollary 1 For Gaussian density estimation the minimax
regret is

. 1
Ry = infsup Ry (0, 27) = ¢, 7 X?
o ol 2
1, InlnT
= 5X <1nT—1nlnT+O< T ))

and the infimum is attained by the learner 0 given by

O(z'~Y) = i1 1.

S Optimal play against non-optimal player

We showed that the learner’s stratdyy= c;x;. ;1 iS op-
timal in the sense that it gives the minimum regret assuming
that the adversary plays optimally. However this might not
be true when the adversary plays non-optimally. Surpris-
ingly we can show thafl; = ¢, ;. ;1 is still optimal even if
the adversary plays non-optimally. Similarly the adversary’s
choicex; = —XA;/||A;|| turns out to be optimal even if
the learner plays non-optimally.

To be more precise we extend the notion of regret in the
situation where initial choices of the both players are given.
Leth!=! = (01,z1,...,0;_1, ;1) be any history of play
up to trialt — 1. Note that the choices in the history are
not necessarily optimal. Now we define the minimax regret
givenh!~! as

Rrp|pe-1 = inf sup inf sup ---inf sup
0: 2,cxOt+1 @, X 0T prcX
1w 1 —
(330w -00° -} 3o o)
q=1 q=1

Similarly for historyht=108,, i.e., ht~! followed by some
0,, we define the minimax regret givéri—1 00, as

Ryp|pt-109, = sup inf sup ---inf sup
@ €XOtt1m,,€x 07 arex
1« 1«
(5 Z(wq 0,)* 2 Z(wq - wl..T/T)Z> .
q=1 g=1
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Clearly, for the empty historyt = ¢, Ry, gives the mini-
max regret which was shown to b, = %cl,,TX2 in Corol-
lary 1.

The arguments of the previous section combined with an
easy induction can be used to show the next theorem.

Theorem 3 Let h'™! = (0y,x1,...0, 1,x; 1) be any his-
tory of play. Then

RT|ht—1

1fr)1f RT|ht—109t
t

t—1 t—1

1

5 Z Cq(I?g + Z(an?l,_q_l — wq)’Aq
g=1 g=1

1t 1
2 2
+§ ;Aq + §Ct..TX

and the infimum over 0, is attained at cyxy. ;1. Moreover
for any 6,

sup RT | ht—=108;0m;
x€X

Rr|pe-1 + A%

Rylpt-100,

v

and the supremum over x. is attained at —X A, [||A¢]).

6 A Lower bound for the forward algorithm

By Lemma 3 the optimal shrinkage factqris roughlyl / (t+
InT — Int). A good approximation te; might be to use
shrinkage factors of the foriry (t—1+a), for some universal
constant: > 0. This learner is called thi@rward algorithm.
The constant. parameterizes a prior [1, 4]. In particular,
Azoury and Warmuth [1] showed that the forward algorithm
with @ = 1 has the worst case regret b (1 +InT).

More precisely the forward algorithmis the Bayes-optimal
algorithm that minimizes the expected regret under the fol-
lowing probabilistic setup: The adversary first chooges
[0,1] according tda/2, a/2)-beta prior and then in each trial
generates;; = X with probabilityp andz; = — X with 1 —

p. (Heren = 1.) In this probabilistic setup the expected re-
gret of the forward algorithm is shown to %ﬁT)Xz InT+

O(1) [11]. Whena is large then the optimal algorithm has
expected regret at Ieaét‘fX2 InT. Thus this probabilis-

tic argument [11] gives a lower bound éfg—sz InT for

the (worst-case) regret of any algorithm. Note that this lower
bound lies below the minimax regret &\ (In 7'—InIn 7'+
o(1)) proven in this paper.

In this section we show that a particular adversary can
force the forward algorithm to have regret at leasf?(In 7'—
0O(1)). The sequence produced by the adversary is decid-
edly not i.i.d. For the sake of simplicity we assumie =
1, n = 1 and we shifta by one. Thus the forward algo-
rithm predicts with@; = ;. ;1 /(t + a). In other words,

Ay = (1/(t + a) — et)x1 1—1. In the appendix we show
that ¢, is of the form1/(¢ + d;) whered, is a monotoni-
cally decreasing sequence ending with = 0. So there
exists atg € {0,...,T} such that forl < ¢t < tg, A; has
the same sign a8;.; 1, and forty +1 < t < T, A; has
the opposite sign a8;.; 1. So the adversary’s strategy of
Theorem 3 chooses the instaneg = —sgn(x;.¢—1), for



1 <t < tp,andxy = sgn(xy. 1), forto +1 <t <
T'. This strategy produces the following instance sequence:
xl =(1,-1,1,-1,...,1,—-1,1,1,...,1). Namely,
_ 1if (1 <t < tpandtisodd)or(t >t + 1),
Te =13 —1if (1 <t < tyandtis even).

(6)
Note that this would not be the optimal choice for an adver-
sary playing against the forward algorithm because the for-
ward algorithm plays non-optimally in the future. However

the adversary given in Theorem 3 assumes that the learner

plays optimally in the future. We will show that the above
sequence with an appropriate choicef gimakes the regret
large enough for obtaining the lower bound.

Theorem 4 Let 0 be the forward algorithm that predicts
with O(z'™Y) = x1., 1/(t + a) for a fixed a € R. Then
there exists a to € {0,...,T} such that the instance se-
quence x” defined in (6) gives
- 1
R7(0,z1) > 3 InT — ¢ —o(1),
where ¢ < 0.55.

Proof. By the definition of the instance sequence, it is obvi-
ous that

0 if1<t<tyandtisodd,
0, = 7= (1<t <tandtiseven,
Lhdif ¢ > to + 1.

It is straightforward to show that the regret becomes

R (9 z7) = 1 - (0 — x;) _li(w _w1..T)2
T ) - 2 t t 2 t T
t=1 t=1
1 < 1 2 >
= — Z +
2
2 S (t+a) t+a
t:even
1 a 1
+=(to+a+1)* > .
2 N (t+a)
Lo B
2 2T
The first sum is lower-bounded by
1 1 2
2 Z (2q+a)2+2q+a
1<g<to/2
1 [lo/241 1 2
= d
_2/1 ((2w+a)2+2w—l—a> *
1 1
4(a+2) 4(to+a+2)

1 1
-I-Eln(to +a+2)— 51n(a+2)

and similarly the second sum by
1 1 1
—(t 1)? -
pfo+atl) <to+a+1 T+a+1
to+ta+1l (to+a+1)?
2 20T +a+1)

)
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So the regret is lower-bounded by

- 1

1
RT(O,:IBT) > 1 —

(@+2) 4(to+a+2)

1 1
-I-Eln(to +a+2) - §ln(a+2)

at+l (to+a+1)? & @
2 2 +a+1) 2T
Pluggingt, = 0 andt, = 7" into the above formula, we have
> +1 (a+1)?
0,27)>27 "
Be6.27) 2 == - s ras D
and
s oo 1 1
n 1 1
4(a+2) 4T +a+2)’

respectively. From these we can show thai i In7" or

a < 145thenRr(0,27) > 1InT — ¢ — o(1). Sointhe
following we assumed .45 < a < In7T. In this case we
choosey = T'/(2a + 1). Then (7) becomes

N 1 1
Ty > Z1InT — ~1n(2 1 _
Rr(0,x )_2n 2n(a-l- )+4(a—|—2)

a-l-l( 2a

2 2a+1>2 —ol).

The r.h.s. of the above formula is monotonically increasing
in a whena > 1 and so is minimized at = 1.45. A simple

calculation shows thakz (8, z7) > L InT — ¢ —o(1). O

1
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A Proof of Lemma 3 )
We want to estimate, andc;.7 = Zz;l c¢t, where the se- Cr < t+In(T+1)—In(t+2+In(T + 1)) (13)
quence{c, } is defined by the recurrence )
From (12) and (13) it follows that
ci—1 = (14 ¢) (8) 1 1

forl1 <t < T andcyp = 1/T. Taking logarithm for both In(T + 1) S s In(T +1) —In(2 + In(T + 1))

sides of (8) we have ) o )
Plugging this into (9) we can easily get

InlnT
Since the inequalities — z?/2 < In(1 + #) < «z hold for c.r =T —InlnT+0 < T > :
anyz > 0,

Inc; —lne =1In(l + ¢).

ct—ci/2<Inei —Ing < ¢
By (8) we can replace? by ¢; ; — ¢; and get
et —(c—1 —c)/2<Ilne¢i_1 —Ilne < ¢

Summing the above inequalities ferover {1,...,T} we
have

C1.T — (Co — CT)/2 <lncy—Iner <cy 1.

Sincecy = 1/T we get both upper and lower bounds for
C1.T-

InT+Ilncy <ei.p <InT +1Incy+ (co —1/T)/2. (9)

We need to estimate, as a function ofl’ to express the
bound in a closed form. Now we define another sequence
{d;} so that

1

t+ d,

Ct =
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