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Abstract the class of functions

. . = - X <1 < 1}.
This paper collects together a miscellany of results g {x WX HWH@M =7 ”x”‘éw -

originally motivated by the analysis of the general- (The standard notation used here is defined precisely below
ization performance of the “maximum-margin” al- in Definition 3 .) The focus of the present paper is to consider
gorithm due to Vapnik and others. The key feature what happens when different norms are used in the definition
of the paper is its operator-theoretic viewpoint. New of 7.

bounds on covering numbers for classes related Apart from the purely mathematical interest in develop-
to Maximum Margin classes are derivetectly ing the connection between problems of determining cov-
without making use of a combinatorial dimension ering numbers of function classes to those of determining
such as the VC-dimension. Specific contents of the entropy numbers of operators, the results in the paper indi-
paper include: cate the effect to be expected by using different norms to de-

fine linear function classes in practical learning alganigh
There is a considerable body of work in the mistake-bounded
framework for analysing learning algorithms for linear ¢un

tion classes exploring the effect of different norms. The
present paper can be considered as a similar exercise in the

e a new and self-contained proof of Maurey’s
theorem and some generalizations with small
explicit values of constants;

e bounds on the covering numbers of maximum
margin classes suitable for the analysis of their statistical learning theory framework

generalization performance; The following section collects all the definitions we need.
¢ the extension of such classes to those induced All proofs in the paper are relegated to the appendix.

by balls in quasi-Banach spaces (sucl?,as

norms with0 < p < o00). 2  Definitions

e extension of results on the covering numbers . .
of convex hulls of basis functions geconvex We will make use of several notions from the theory of Ba-

hulls 0 < p < 1); nach spaces and a generalization of these called a quasi-
-7 Banach spaces. A nice general reference for Banach spaces

» an appendix containing the tightest known bounds ;¢ [33]: for quasi-Banach spaces see [8].

on the entropy numbers of the identity opera-

tor betweer?;;, and/y, (0 < p1 < pz2 < o). Definition 1 (Banach space) A Banach space (X, | | x) is
a complete normed linear space X with a norm on X, i.e. a
map || - ||x: X — [0, 00) that satisfies

1. |x||x =0ifandonly ifx = 0;

Linear classifiers have had a resurgence of interest intecen 5 IAx||x = |\|||x||x for scalars A € R and all x € X;
years because of the development of Support Vector ma-
chines [22, 24] which are based on Maximum Margin hy- - [ +ylix < llxlx +[lyllx forall x,y € X.
perplanes [25]. The generalization performance of support
vector machines is becoming increasingly understood with
an analysis of the covering numbers of the classes of func-
tions they induce. Some of this analysis has made use of
entropy number techniques. 3'. There exists a constant C' such that for all X,y € X,

In this paper we focus on the simple maximum margin Ix+yllx <C(xllx + lyllx)
case more closely and do not consider kernel mappings at
all. The effect of the kernel used in support vector machines All of the spaces considered in this paper are real. A norm
has been analysed using similar techniques in [32, 11] The(quasi-norm) induces metric (quasi-metric) via d(x,y) =
classical maximum margin algorithm effectively works with  ||x — y||x. We will used to denote both the norm and the

1 Introduction

Definition 2 (Quasi-norm) A quasi-normis a map like a
norm which instead of satisfying the triangle inequality (3
above) satisfies
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induced metric, and uggX, d) to denote the induced metric
space. Aquasi-Banach space is a complete quasi-normed
linear space.

Definition 3 (¢, Norms) Suppose x € R" withn € N or
x € RY (for infinite dimensional spaces). Then

1
o for0 < p < oo, |lxlly, = |xll, = (S [a:l?) "
(provided the sum converges).

o forp =00, [[x[les, := [[X[loo = sup; [l

If dimx = m, we often write £ to explicitly indicate the
dimension. The space 0} is defined as (7' := {x: lI%[lem <
oo}. Given X1,... ,Xm € Eff, write X™ = (X1,... ,Xm)-
Suppose F is a class of functions defined on RM . The o
norm With respect ta&X™ of f € F is defined as

I = N Gea)s e s Fem) g - (2)
Forl <p < oo, |+ |[len isanorm, andfob < p < 1litisa
guasi-norm. Note that a different definition of norm

is used in some papers in learning theory, e.g. [28, 34]. A
useful inequality in this context is the following (cf. e[¢6,

p.21]):

Theorem 4 (Holder’s inequality) Suppose p,q > 1 satisfy
Il) + % = land thatu € ¢, andv € {,. Then

ju - o] < lullpllvllg.

Supposg X, d) is a metric space and l&& C X. We say
A, C X is ane-cover for S if for all x € S, there is an
a € A. such thatl(x,a) < e.

Definition 5 (Covering and Entropy number) The e-cover-
ing numberof S, denoted by N(e, S,d), is the size of the
smallest e-cover of S. The nth entropy numbenf a set
S C X is defined by

€n(S) = €,(S,d) :=inf{e > 0: N(¢,S,d) <n} (2)

Given a class of functions ¥ C RX, the uniform covering
numberor e-growth function is

Nm(ev Sr) = Xs}élj)cm N(ev F, H ’ Hi(om) 3)

Covering numbers are of considerable interest to learning
theory because generalization bounds can be stated in term

of them [1, 30].

Definition 6 (Operator Norm) Denote by X = (X,d) a
(quasi)-normed space, Uy is the (closed) unit ball: Uy :=
{x € X:|x||lx < 1}. Suppose X and Y are (quasi)-
Banach spaces and T is a linear operator mapping from X
to'Y. Then the operator nornvf T is defined by

I := sup{|ITx]ly : x € Ux}.
and T is called boundedf | T'|| < oo.

(4)

We denote by2(X,Y") the set of all bounded linear operators
fromXtoY.
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Definition 7 (Entropy numbers of operators) Supposel &
£(X,Y). The entropy numbers of the operatBrare defined

by

en(T) = €,(T, X) := €,(T(Ux)).- (5)
The dyadic entropy numbess, (T') are defined by
en(T) =en(T,d) := €3n-1(T) fori € N. (6)

The main reference for entropy numbers of operators is [7].
Many of the properties shown there for Banach spacegg
actually carry over to quasi-Banach spaces — see e.g. [8].
Thefactorization theorem for entropy numbers is of consid-
erable use:

Lemma 8 (Edmunds and Triebel [8, p.7]) Let A, B,C be
quasi-Banach spaces and let S,T € £(A,B) and R €
£(B,C). Then

1T 2 ea(T) > ex(T) > -+ > 0.
2. Vk),l eN €k+l,1(RS) < €k(R)€l(S)

Finite rank operators have exponentially decaying entropy
numbers:

Lemma 9 (Carl and Stephani, [7, p.14,21]) Denote by
A, B Banach spaces, let T € £(A, B) and suppose that
rank(T) = m. Then forall k € N,

ex(T) < 4||T||2=H=D/m @)

In fact this bound is tight to within a constant factordof
One operator that we will make repeated use of is the
identity operator IfA and B are (quasi)-Banach spaces,

id: A — B, defined byid: z — . (8)

This seemingly trivial operator is of interest whén+# B
because of the definition of the operator norm. As we shall
see below the entropy numbersidt ¢ — ¢, play a cen-
tral role in many of the results we develop. In the following
we will usec to denote a positive constant alug is loga-
rithm base 2.

3 Entropy Numbers of Linear Function
Classes

Since we are mainly concerned about the capacity of linear
functions of the form

)

e will consider bounds on entropy numbers of linear opera-
ors. (Herg|| - || 4 and| - || g are norms or quasi-norms.) This
will allow us to deal with function classes derived from (9).
In particular we will analyze the class of functions

M,
‘rfrp,q :

f(x) :=w-xwith ||x||4 < cx and||w||p < cw

{xwexi wlly <1, Ixlley <1} 10)

whereM € N, p,q > 0, andll) + % > 1. More specifi-
cally we will look at the evaluation df%] on anm—sample
{X1,---yxXm} C Zé” and the entropy numbers of the evalu-
ation map in terms of th&? metric. Formally, we will study
the entropy numbers of the opera~ defined as

Sxm w o= (WeXg,...,W-Xy,)=w X"



The connection betwee§k » andF

4isgiveninLemma 11

Itis of interest to determine an explicit value for the camst

below. Since one cannot expect tlf)iat all problems can be cast. Carl [3] proved that foS: ¢* — E,

into (10) without proper rescaling we will be interested in
constraints orw andx; such thatw - x;| < 1 (and rescale
later).

Lemma 10 (Product bounds from Holder’s Inequality)
Suppose p,q > 0 with 1%—}—% > 1. Furthermore suppose M &

N, w e (M

M, x € € with ||W||%v1 < cw and HXHgéw < cx.
Then

sup [|Sxm || < cwex- (12)

X1y XmEcxU,m
q

In order to avoid tedious notation we will assume that=
cx = 1. This is no major restriction since the general results
follow simply by rescaling: by cy, cx.

Our interest in the operatdx~ and its entropy num-
bers is explained by the following lemma which connects
er(Sxm) to the uniform covering numbers GfPMq

Lemma 11 (Entropy and Covering Numbers) Ler k € N.
If for all X™ € (Uggl)m, er(Sxm: ) — £7) <, then

log NX" (e, ") <k — 1.
3.1 The Maurey-Carl Theorem

(12)

€(zmi-1y(S) < A (BRI S| (15)

This leads to the following straight-forward corollary:

Corollary 14 (Small Constants for Maurey’s theorem) If
X is a Hilbert space, (14) holds with p = 2, 7,(E) = 1, and
c < 4.4377.

The dual version of Theorem 13, i.e. boundsefX —
£7) has identical formal structure as Theorem 13. We only
state the Hilbert space case here.

Theorem 15 (Dual Version of the Maurey-Carl Theorem)
Suppose H is a Hilbert space, m € N and T a linear opera-
torT : H — {7 Then

ex(T: H — (7)< ¢|T)| (k*l log (% + 1))1/2, (16)

where ¢ = 102.88.

As explained in Appendix B, we suspect that a smaller value
of ¢ is possible (we conjecture 1.86). Theorem 15 can be
improved by taking advantage of operators with low rank via
Lemma 9.

In this section we present a special case of the famous Maurey

Carl theorem. The proof (in the appendix) presented pro-
vides a (small) explicit constant.

The result is not only of fundamental importance in sta-
tistical learning theory — it is of central importance in pur

mathematics. Carl and Pajor [6] prove the Maurey theorem ey (T : H — £7})

via the “Little Grothendieck theorem” which is related to
Grothendieck’s “fundamental theorem of the metric theory
of tensor products”. Furthermore the Little Grothendieck

theorem can be proved in terms of Maurey’s theorem (and
thus they are formally equivalent). See [7, pages 254—-267]

for details. The version proved by Carl [3] (following Mau-
rey’s proof) uses a characterization of Banach spacesirster
of their Rademacher type. The latter is defined as follows.

Definition 12 (Rademacher type of Banach spaces)
A Banach space X is of Rademacher type p, 1 < p < 2 if
there is constant T > 0 such that for every finite sequence

{z1,... ,2n} C X we have
1 1/p
/ |xi||”> oy
0
Here r;(t) = sgnsin(2xt) is the ith Rademacher function

on [0,1]. The Rademacher type p constant T,(X) is the
smallest constant T satisfying (13).

n

Z T (t)l’z

i=1

n

dtgr(z

i=1

Theorem 13 (Maurey-Carl) Let X be a Banach space of
Rademacher type p, 1 < p < 2. Let m € Nand let S €
L7, X). Then there exists a constant ¢ such that for all
keNk<m

1—1
P

er(S) < erp(X)|S|| (krl log (% + 1)) B (14)
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Lemma 16 (Improved Dual Maurey-Carl Theorem) Let
H be a Hilbert space, and suppose m,k € N withm > 4
and T is a linear operator T : H — (7. Then

(17)
1 if k <logm
< T c(k™'log (%—&—1))1/2 if logm <k<m
8em~—22-k/m ifm<k

where ¢ = 102.88.

4 Dimensionality and Sample Size

Lemma 16 already indicated that the sizeof the sample
generating the evaluation operatex . plays a crucial role

in the scaling behaviour of entropy numbers. The dimen-
sionality M of X (i.e. the dimension of the samplgsg) also
comes into play. This guides our analysis in the present sec-
tion. In section 4.1 we will deal with the case whéte= m,
section 4.2 deals with the situation wheyg is polynomial
inm.

Depending on the setting of the learning problem we
need bounds for the entropy numbers of the identity map
between/;* and ¢i*. We will use such bounds repeatedly
below. We have collected together a number of bounds on
this in appendix C.

4.1 Dimensionality of X and Sample Size m are Equal

We begin with the simplest case X-is a finite dimensional
Hilbert space of dimensionality = m, hence we will be
dealing withJ%%,. Lemma 16 applies. It is instructive to
restate this result in terms of covering numbers.



Theorem 17 (Covering Numbers for J Q}Z) There  exists
constants c,c’ > 0 such that for alln € N, and all € > 0,

logm ife > c’

log N™ (e, F5%) < ¢ 9 f vim
’ max(1, —emlog(me?)) ife < NG
(18)

It is interesting to note the analogy with the Sauer-Vapnik-
Chervonenkis lemma [31, 20, 1] which shows that the growth
function has two regimes. We will now develop generaliza-
tions of the above result faf}’, with (p,q) # (2,2). An
existing result in this direction is

Lemma 18 (Carl [3,p. 94]) Let S € E(Eg’,é’;’o), m € N

and let 1 < p < 2. Then there exists a constant ¢ = c(p)
such that for all k € N,

ex() < el (k~H1og (14 7))

(For k > m one can get a better bound along the lines of
Lemma 16.) This leads to the following theorem:

Theorem 19 (Slack in J7)) Let p > 0, ¢ > 2, and  +

> 1. Then there exist constants c,c’ such that with 8 :=
>+ % — 5 we have e (Fpq) < c (k™ log (% + 1))’8 and
log N™ (e, F,) < ' logm e/,

(19)

1
q
1

4.2 Dimensionality of X is Polynomial in the Sample
Size m
Now we will considerN™ (e, F2% ) whenM > m. We will

derive results that are useful whéd is polynomial inm.
With Sxm: (1’,” — (7 defined as before, we proceed

boundey, (Sxm).
Lemma 20 (Slack in 3)%) Let0 <p<2,g>1 1+ 1>
1, and M, m € N. Then there exists a constant ¢’ > 0 such
that with
eani1(Fpl €2)
< er(id: 0" — 0} )er(Sxm: 03" — €22) (20)

Sl

¢ (k™Vlog (2 +1))7 2 (k' log (™ + 1)) (21)

Consider now the situation that = 1 andg = 2. From
Lemma 20,

eant1(F1, 02)
1

¢ <k—1log <% + 1>> (k‘1 log (% + 1)) ?
¢k og!/? <% + 1> log/2 (% + 1) .

Thus regression witﬁ{‘ff2 has a sample complexity of(¢) ~
L 1/2 b1 ignoringlog(m) factors. Interestingly Zhang

Tl

IN

Nl

IN

log

[34] has developed a result going in the other direction: he
makes use of mistake bounds to determine similar covering i
numbers, whereas our covering number bounds (computed e>€(0,5)

directly) recover the general form of the mistake boundsrwhe

5 Covering Numbers of co,(F)

Adaboost [10] is an algorithm related to the variants on the
maximum margin algorithm considered in this paper. It out-
puts an hypothesis which is the convex hull of the set of weak
learners and its generalization performance can be exgaftess
in terms of the covering number of the convex hull of weak
learners at a scale related to the margin achieved [21]idn th
section we consider what effect there is on the covering num-
bers of the class used (and hence the generalization bounds)
when thep-convex hull is used (with € (0,1)). Variants of
Adaboost can be developed which usejkeonvex hull and
experimental results indicate thaaffects the generalization
in a manner consistent with what is suggested by the theory
below [2]. The argument below is inspired by the results in
[4, 5].

We are interested iN (e, co, (F'), €22 ) whenF is a subset
of a Hilbert spaceéd andco,(F') denotes the-convex hull
of F (see Definition 21). Recalling the definition [of || X",
let | FIX™ := (30, | f(x:)|9)"/2. Forallg > 0, we have
IFIX" < NIfIIF" and thusN(e, F,€2) < N(e, F, f3").
Since|| - [|X™ induces a Hilbert space we will now bound
N(e, cop(F), 2 in terms of covering numbers with respect
to the Hilbert space norih- ||¥™. Since the results will hold
regardless oK™ in fact we will bound the uniform covering
numberN™ (e, co, (F)).

Definition 21 (p-Convex Hull) Suppose p > 0, and F is a
set. Then the p-convex hull of F (strictly speaking the p-
absolutely convex hull) is defined by [13, chapter 6]

COP(F) = U {iazf, fi € F,a; €R, i|ai|P < 1}
=1

neN (i=1
As an example, consider tipeconvex hull of the set of Heav-
iside functions o0, 1]. Itis well known that the convex hull
(p = 1) is the set of functions of bounded variation. In Ap-
pendix D we explore the analogous situation@or. p < 1.

Lemma 22 Let 0 < p < 1, let A be a set and let U.(A) be
an e-cover of A. Then co,(Uc(A)) is an e-cover of cop(A).

Lemma23 Let0 <p<16>0€1,60>0ande; + €2 =
d. Then N (9, cop(A)) < N(er, cop(Ue, (A)).

Lemma 24 Let A = {ay,...,an,} C H where H is a
Hilbert space. Define the linear operator S : Z;’ — H such
that Se; = a;, 1 = 1,... ,n, where e; is the canonical basis
of €y (e.g.ey = (1,0,...,0), e = (0,1,...,0), etc.). Then
cop(A) = S(Uen).
Theorem 25 (Covering Numbers of p-Convex Hull) Ler
H be a Hilbert space, let F' C H be compact, and let B :=
suppcp ||h||. Then log N(6, co,(F)) <

{k: cB (k_l log (1 + w>>%7%: — 62}.

turned into batch learning results. (Note, too, that Zhang SupposéN(e, F) ~ (%)dforsomed € N. We can determine

uses a normalised definition @f- .~ and so care needs to
be taken in comparing his results to ours.)
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the rate of growth ofog N(d, co,(F')) as follows. Neglect-
ing the k inside the log in (45) we can explicitly solve the



equation. Numerical evidence suggests that the dependence[4] B. Carl. Metric entropy of convex hulls in hilbert

of the value ofk in (45) is not very strong, so we choose spaces.Bulletin of the London Mathematical Society,
€2 = 0/2. Then a simple approximate calculation yields: 29:452-458, 1997.
Corollary 26 Suppose F' C H is such that for some d € N, [5] B. Carl, I. Kyrezi, and A. Pajor. Metric entropy of con-
N(e, F) ~ (%)d. Then for 0 < p < 1, vex hulls in Banach spaceBroceedings of the London
2y Mathematical Society, 1999. to appear.
1\ 2-»
log N (6, cop(F)) ~ c(p)d <5> log 1/6. [6] B. Carl and A. Pajor. Gelfand numbers of operators
with values in a Hilbert spacduventiones Mathemati-
Forp = 1 this is O((1/5)*log(1/5)) whereas we know cae, 94:479-504, 1988.
2d
from [4] that the rate should b@((1/5)+=). Of course for [7] B. Carl and I. Stephani.Entropy, compactness, and
larged, the difference is negligible (asymptotically irfo). the approximation of operators. Cambridge University

Press, Cambridge, UK, 1990.
6 Conclusions
) . [8] D. E. Edmunds and H. TriebelFunction Spaces, En-
We have computed covering numbers for a range of vari- tropy Numbers, Differential Operators. Cambridge
ants on the maximum margin algorithm. In doing so we University Press, Cambridge, 1996.
made explicit use of an operator theoretic viewpoint alyead
used fruitfully in analysing the effect of the kernelin SVima  [9] D.E. Edmunds and H. Triebel. Entropy numbers and

chines. We also analysed the covering numbegsafnvex approximation numbers in function spaceBroceed-
hulls of simple classes of functions. ings of the London Mathematical Society, 58:137-152,
We have seen how the now classical results for maximum 1989.

margin hyperplanes can be generalized to function classes[
induced by different norms. The scaling behaviour of the 10]
resulting covering number bounds gives some insight into X .
how related algorithms will perform in terms of their gener- fere’:fe on Machine Learning, pages 148-146. Morgan
alization performance. In other work [32, 11, 26] we have Kaufmann, 1996.

explored the effect of the kernel used in support vector ma-[11] v, G. Guo, P. L. Bartlett, J. Shawe-Taylor, and R. C.
chines for instance. In that case the eigenvalues of theekern Williamson. Covering numbers for support vector ma-

play a key role. In all this work the viewpoint that he func- chines. InProceedings of COLT99, 1999.
tion class is the image under the multiple evaluation map
(considered as a linear operator) of a ball induced by a norm[12] L. Gurvits. A note on a scale-sensitive dimension of

Y. Freund and R. E. Schapire. Experiments with a new
boosting algorithm. IrProc. 13th International Con-

has been used. linear bounded functionals in Banach spaces. In M. Li
Gurvits [12] asked (effectively) what can learning theory and A. Maruoka, editorsdigorithmic Learning The-

do for the geometric theory of Banach spaces. It seems the ory ALT-97, LNAI-1316, pages 352-363, Berlin, 1997.

assistance flows more readily in the other direction. Perhap Springer.

the one contribution learning theory has made is pointirig ou
an interesting research direction [27] by giving an answert 3] H. Jarchow. Locally Convex Spaces. B.G. Teubner,
Pietsch’s implicit question where he said of entropy nuraber 1981.

[19, p.311] that “at present we do not know any application [14]

L ; H. Konig. Eigenvalue Distribution of Compact Opera-
in the real world.” Now at least there is one!

tors. Birkhauser, Basel, 1986.
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One can readily check that for amy € N, p(k, m) attains
its maximum value ak = m. Furthermoren — p(m,m)
is monotonically non-decreasing. Thus taking the limiténo

that (*”~") = (™) and thaflog := log,) we take

li_I)n p(m, m) < 6.16615 (26)
Resubstitution yields < 41/6.16615 < 9.9327 which com-
[

Proof (Lemma 16) The first bound (fork < logm) fol-
lows immediately from the definition of entropy numbers by
ex(T) < ||T||. The second line of (17) is a direct conse-
quence of Theorem 15. All that remains is the third line:
for £ > m we factorisel’ asT = T oid: ¢3* — ¢3* and
subsequently

er(T) < em(T)er—m+1(id : £5° — £5%). 27)
A (marginally) tighter version of the theorem
could be stated by usingpe directly to bound e, <

—1/2|

4y/p(m,m) (k™" log(% + 1)) 1S



By Lemma 9,
em—ty1(id: 0 — 03) < 4.2~ (k=m)/m < g g=k/m

Theorem 15 tells us,,, (T) < ¢||T||m~*/2. Substituting, we
are done.

Proof (Theorem 17) We distinguish between the two last
bounds of Lemma 16. F& < k& < m we can bound

c (kfl log (% + l>>1/2
c (k_l log m)1/2 (28)

and hencek < cZe~2logm. Application of Lemma 11
proves the first inequality of (18) For the second inequal-
ity simply note that the third line of Lemma 16 states (for
k> m)

Ek(Sxm : Egn — Zg)

IN

<

_k
c2 mm

[N

ex(Sxm : 43" = L) <
1
& k< f§mlog(m62) +c

Rewriting the conditions ok in terms ofe and collecting
all remaining terms into the constartandc’ completes the
proof. [ |

Proof (Theorem 19) As before we observe tha;(f}“gjq) =
er(Sx~) and we will factorise the operatdtc - : £, — €7
as in the diagram (witf}y = 1 — 2):

m % ém

The idea is that the |dent|ty operator uses up the “slack” be-
tweenp andr implicit in the constramt}; +1 ;2 1. As will
be seen, a smaller value @fis achieved for larger values
of r. Butr can be no larger thafl — %)—1 in order for us
to be able to use Lemma 10. If equality is achieved in the
p, g constraint, theid maps¢;* to £;* and of course nothing
(additional) is gained.

We will show that||Tx~| < 1 and then use Lemma 8
to boundey (Sx= ). The operatofl’x~ is identical toSxm
except its domain i€”. ThusTxm : w — (w - Xpy- W

X,,). By Lemma 10, smcﬁxlugm <land;+; >1,we
have

(29)

ITxnll = sup [[Txmwle
WeUem
< max sup |w-x|<1. (30)
i=1,...,m WGUgm
By Lemma 8
ek_l(Sxm) = ek_l(Txm oid: le — f:n)
< egya(id: £ = £7) - en 2 (Txm){(31)

2A slightly more involved and longer argument gives a bet-
ter bound: there are constants,ce,cs > 0 such that

log N(e, F5'a, ) < 1182 m) for ¢ > ¢y /. /m.
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Hence using Lemmas 11, 31 and 18 we obtain

1
-

ek(Sxm) S c <Z log (2]’::71 + 1>> v (32)
Irsenl (108 (5 )) (33)
2 2m ptal
< ¢ <E log (T + 1>> (34)
Imsenll (106 (5 1)) a9)
< | Tx| <k71 log (% + 1)>B . (36)

Here we used the product inequality for entropy numbers in
(33), (35) holds sincg™! —r~! < p~'14¢~ ! —1, and more-
over there exists a constahsuch that(k log (2;” +1)) <

¢ (k*log (7 + 1)) for k > 1. Solving fork then immedi-
ately gives the bound on the covering numbers.

Proof (Lemma 20) Similar to Theorem 17 consider the fac-

torization
Sxm
oM Sxm L gm
M Ajm
ZM

Exploiting the factorization we can bound

37)

eart1(Sxm : ) — £1%)
< ep(id: 2 — e )e (Sxm: 37 — £7)

which proves (20). Next we have to bound the individual
terms separately. For the first factor Lemma 31 can be ap-
plied. The dual version of the Maurey-Carl theorem ap-
plies to the second term. What remains to be shown is that
|Sx=|| < 1. This, however, follows immediately from Lemma
10 in analogy to the previous section. [ |

Proof (Lemma 22) Let f € co,(A) be arbitrary, f
val o;a;, Z 1 la;|P < 1, whereN may be infinite. For
i=1,...,N, Ieta, € U(A) be such thafja; — a;|| < e.

(Suchaz exist by definition ofU, (A).) Let f := -~
We have

1 &ias.

15 = fl

N
idi — E Q;a;
i=1

N
< > laslsup fla; — aj
i=1 J
N
< Y lafe=e (38)
i=1
| |



Proof (Lemma 23) Supposé’,, is ane;-cover ofco, (U, (A)).
From Lemma 22, for any’ € co,(A), there exists g e
cop(U.,(A)) such that||f — f|| < e. Butfor anyf

cop (U, (A)), there existsf € V,, such that|f — f|| < .

By the triangle inequality|f — f|| < [|f — || + [/ - f]l <
€1 + €2 = 6. ThusV,, is and-cover ofco,(A).

Proof (Lemma 24) Letx = (21,... ,2,) € Upn. Write x
S wie;. ThenSx = SO0 wie;) = > z;Se; =
> | wia;. Sincex € Uen, > |:cl|P < 1. ThusS(Ue) C
cop(A). Likewise, for anyf € co,(A), J; S wia,

withx = (z1,... ,z,) € Upn. Thusco,(A4) C S(Upm). [ |

Proof (Theorem 25) Let n := N(eq,

F) and leteg ., :

)

ex(cop(Ue, (F)). Thus we hav@og N(eg n e,, Ue, (F)) < k
and by Lemma 23, if
€kyn,es + €2 <6, (39)
thenlog N(4, co,(F')) < k. Thus
log N(8,co,(F)) < min {k: (39) holds}. (40)

626(0 (5

By Lemma 24 ¢ e, = ex(S). In order to compute,(S)
we factoriseS as follows

S
Ep1—>H
o

Recalling the definition of, and observing that; € Uem

(41)

fori =1,...,m, we obtain

1] = _11117?% ngiHe;" = i:IIT}_Z_‘_X’m llaillep < B (42)
By 8,

ert1-1(5) < e (id: € — €7)ey(S: €7 — H).  (43)

Choosingk = [ and using Corollary 14 and Lemma 31 we
obtain

1 )\# ?
ea1(S) < ¢(p)9.93269 B <¥>

(44)
Furthermore we have th#itS|| < max;_1... » |la;|| < B.
Thus we obtain
log(1+ %)\ 72
€k,n, ez <cB < o8 A k > (45)
Combining (40) and (45) concludes the proof. [ |
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B Maurey’s Theorem

In this appendix we provide a proof of Maurey’s theorem
for operatorsS: H — (2 which gives an explicit value for
the constant. This is considerably more work, and we get
a correspondingly poorer estimate, than in the dual case of
theorem 13 for operatoiS: ¢7* — H. The argument of this
section is due to Professor Bernd Carl.

Theorem 27

log(™ + 1)\ /?

—_— . (46
: (46)

We compute the entropy of an operafr: ¢5* — (7 by

factorizing it as
m_ T ym
em

wherep < 2 < ~o is a free parameter that we will optimize
over at the end. The two factors will be dealt with by using
the following two propositions, respectively.

(T : 3 — 02 < 102.88||T|| (

(47)

Definition 28 ¢(T') denotes the average

(r) = [ x|y, (49)
of ||Tx|| g over the m-dimensional Gaussian measure
1 1 2
_ ~ L
v(A) : CORE /A e~ 2lXlzdx. (49)
Proposition 29 (Pajor, Talagrand)
ke (T) < 4V2((T) (50)

We exploit the fact that the entropy numbers of the identity
operator fron¥; to £7; are known. They take the form:

Proposition 30 (Schiitt) For 0 < p < oo, there exists a
constant B such that for all k € N,
1

log(m/k+1)
k
Here and belowlog is to base 2. Sdiit [23] did not pro-
vide an explicit value forB. We compute one below in
Lemma 32.

In order to use Proposition 29 to boueg(T" : ¢5* —
¢y'), we need to upper bourd7’). Usingz;,i = 1,...,m,
to denote the coordinatesxfn the orthonormal basig; : i =
1,...,n}, we have

/ Tl ()
Rm

([ irxigine)”

(/mZleTe,ek

k=1 |i=1

LS

er(id: £ — (7)< B < (51)

(1)

IN

g |

dry(x ))
d’y(X)) .

i(T'e;, ex)




The Khinchin inequality [33] states that

" b 1/p m 1/2
(/Rm inai d'y(xl,...,xm)> <e (Z|ai|2>
where
(T +p)/2)\""
Cp—2< F(1/2) ) S\/ﬁ
Hence
m m p/2 1/p
“n < 3 (ﬁ” (Z |<Tei,ek>|2> )
k=1 i=1
m m p/2 1/p
= Vp (Z <Z|<Tez,ek>|2> )
k=1 \i=1
m 1/p
< VP (Z ||T’ek|g>
k=1
< Pml/p sup HT'ekH2

= Vpm'PIT 0~ 6
VEm! T 0 — O

By Proposition 29, we get

(T2 05 — ) < k™ 34V2pm?||T - 45 — 2.

Next, we combine the obtained bound with 8ttls result,
using

eok—1(T: 05 = 00) < ep(T: L' — Z;n) ex(id: é;" =),

to obtainegy, 1 (T : £5" — 7)) <

log(m/k+ 1) g
)

1). Observep > 2 for k < m.

k™ 24v/2/pm'/P||T : 3 — ¢7|| B (

Now choose = 2log(%* +
Thus

o1 (T: 05— 0m) < k™ Y24v/2v/2(log(™ +

1/p
X |IT D g <—1°g( t ”)

s i) (“EEE) i

1))Y?

where

I N
RS o <w> 2TosCF D
k

o 7ostetD (log(z + 1)) Tost=D)

with z = m/k. Notek <m = z > 1. LetT = log(x + 1),
sox =27 — 1. Thent > 0 and

A=A(t) = (

27 — 1)37 737,
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One can check thdim,_,., A(7) = /2 andA(7) has a

unigue maximum forr € [0, co). ComputlngaA(T setting

it equal to zero and solving numerically, one flnds the max-
imum occurs forr = 3.66661119696101 ... at which point
A(T) = 1.66956682... =: C. Thus

log(™ + 1)\ */?
eap1 (T : €7 — ™) < 8CB||T| <%

(52)
and all that remains is to bourig, which we now do.

From (66)B < 2(3.70789)'/7. But our choice op > 2
and henceB < 2(3.70789)'/2 = 3.851176. ... Substituting
this value of B into (52) along with the numerical value of
C we get

log( +1)\ "/

Noting thateqr, (T: 5" — €2) < eqrp—1(T: €5 — £22), we
obtain a statement valid for even as well as odd numbers. To
infer a bound ore;, [ € N, we setl = 2k, hencek = [/2.
Then

2log(2m + 1)\
(T 0 — ™) < 51.44| 7| ("g(;)> .

log (2 i P+1) o log(PP+2)
— l -

. Thus forlog( ) <1< m,
log(™ +1)\"/?
M) . (53)

Conjecture on Best Value of Maurey Constant

A value 0f102.88 is not particularly satisfying. We believe
in fact it is quite loose. Our reasoning is as follows. Coasid
all operatordl™: ¢5* — ¢™ such thai|T’|| = 1. By definition
e1(T) = 1. Observe that the unit ball is the ellipsoid of
maximum volume contained insid&. . Since

VOI(T (Upp)) = lim N(e, T(Upgr) VOl(eU )

Now forlog(m) <1 < mwe have
log(+1)+1 < 2log(
I I

(T : 3 — 02 < 102.88||T|| (

o~

whereN (e, S) is the covering number & we have that
Vol(T' (Ugy)) = lim nVOl(en (T (Ugg ) )Ugm ).

Butvol(T' (U )) is maximized over all” such that|T'|| = 1
by choosingl" = id. Thus we have fo[{T'|| = 1

e1(T) <ei(id) and li_>m en(T) < 1i_>m en(id).

We conjecture that for alt € N and allT" with |T|| = 1
en(T 43 = L) < e,(id: 5" — £7)
If this were true, by (55) the Maurey constant would be 1.86.

C Boundsoneg(id: (7 — £3))
= ex(id}’

We now determine bounds eff', e .pp)- These
have been given in [29, 4.10. 3] [18 page 172], [14, 3.c.8],
[23], and [9, p.141], (see also [8, page 101]). All but the
last two references only considergd> 1. The most recent
contribution by Edmunds and Triebel [9, page 141], [8, page
101] subsumes all of the others and is summarized in the
Lemma below. Fop; > 1 by an argument of Scht [23] it

is asymptotically optimal im andk.



Lemma 31 Let 0 < p; < py < oo. Then e (id: by =
t,) <
1 ifl<k<logn
c{ (K log(1+2)/r-1l/;2 flogn<k<n
27k/nn1/p271/p1 lfk‘ >n

for k € N where c is a positive constant independent of M
and k depends on py and ps.

We can find a nice (small) explicit value fo¢ for the case

whenp; = 1 whichis of interest in its own right. We proceed

with that case now.

C1 Whenp; >1

Forp,; > 1 by an argument of Séht [23] it is asymptotically

optimal inm andk. Since we need an explicit value of the

constant we provide the explicit proof below.

Lemma 32 Forallm € N, and alll < m,

3.7078937731log (T + 1)
l

m 1/2
< 1.86<10g(’l+1)> . (55)

erpr(id : €7 — £™) (54)

er+1(id : 65* — £22)

Proof Let B(e, k) denote &, e-ball in k dimensions. Let
p > 0. For a given number of dimensioks we determine
the smallest so thatUzﬂc can be covered by

ko [1/2€]

ss=U U

i=1j=|—1/2€]

B(e, k) + 2jee; (56)

where g is theith canonical basis vector. Far ¢ Uz’f we
haver:1 a? <1 = kab < 1= 2 < k~/P. Setting
z1 = € (the radius ofB(e, k)) givese? < 1/k = k < e P.
We will now setk = e~P. Along each of thé axes ofUIﬂc we
have used[1/2¢] —|—1/2¢] —1+1) cubes. We have added

for k < m whereid,’, = id: £;* — £7;. Now set

Yr (k) = log AT, (k). (59)
Thus
. m 1
ey, (k)+1(idpae) < Ki/p (60)

Letl = ¢, (k) and sce; 41 < 77 SUPPOSE, (-) is a func-
tion suchh,, (¥2,(k)) < k for k < m. Then

i and so

1
G177 2

1
7p fori < m.

(hin (D))
Chooséh,, (1) = 1/ log(7 + 1). Thus we need to show

ACAW)
Tk
for some constants, depending orp. We will then set

h?, (1) = hm(l)/cp. Numerical calculations indicate that
p(m, k, 1) achieves a maximum value of := 3.707893773

at (k,m) = (3,12). Similarly, we can numerically deter-
mine thatp(m, k, 2) achieves a unique maximum value of
¢y = 3.459446772 at (k,m) = (2,8). Thus forp € {1,2},
hm (1) = hm(1)/cp will do. We then have from (61) that for

| <m,
. 1/2
(ﬁm(l)> |

(3.459446771*1 log (? + 1)) 2

1.85996 (1—1 log (? + 1))1/2 |

The following interpolation lemma follows immediately fro
[18, p.173].

€l+1 S (61)

p(makap) = (62)

(i) <

IN

IN

and subtracted one here so we do not multiply count the boXp emma 33 Ler 1 < p; < ps < 0. Then forall k € N

that will live at the very center df]z’j. Therefore along alk
axes, we have

k(2[1/2¢] — 1) +1
= k(2[1/2¢] —1)+1
< k(2(1/2¢+1) —1)+1

= k(l/e+1)+1.
Thus|Si| < k(1/e + 1) + 1. Observe that by construction
of k, any point in(U;™ \ U}) which is not covered by
must lie within a(m — k)-dimensione-ball on one of the
(m — k) principal axes ofU’™ not contained in/*. Thus
by separately covering all possible choicestadxes in the
manner above, we covér™. Since there ar¢’;) ways to
choose thé axes, we have that

AP (k) i= (k(KYP +1) + 1) <TZ> (57)
e-£7-balls cover", wheree = ﬁ In other words
. am 1
6)\%(19) (ldp7oo) S k'l/p ° (58)
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er(id},,) < 2ep(id],)TVP (63)
en(id) o) < 2ep(idf )P (64)
ek(idngZ) < 4€k(id;rjoo)1/1’l—1/p2, (65)

Combining this Lemma with (54) gives fer> 1,

€L (ldm

p?oo

3.70789 log(™ + 1)>1/P

< 2e,(id™ )P < 2
) ( 1,00 L

(66)

C.2 Whenp; <1

Lemma 31 and the proof of Lemma 32 suggests a similar
form of the result in Lemma 32 should be obtainable when
p1 < 1. However it turns out that fop; < 1 the value of
constant obtained is quite unsatisfactory. This is becasise
value is dominated by the behaviour gfp1, k, n) for very
smallk andn ((k,n) = (3,3)). For learning applications
these are uninteresting valuesiofindn. Furthermore for
some applications we are actually interested in b@w
behaves as a function gffor fixed n. For example if we



wanted to us@; as a “capacity control knob.” In that case it
is necessary to determine the dependencearfp; explic-
itly. In doing so it turns out that in the case pf < 1 one

has to pay too high a price for the elegance of an expression
of the form (54) and we end up being better served by an im-
plicit formula, which nevertheless can be easily computed.

This implicit formuladoes exhibit the expected behaviour in
p for fixed n.
Settingj := k!/? we have from (60) that

1
Curm+1 S 57 (67)
For a givenk we can easily determing, numerically: Let
jo == {j: ¥2(4°) + 1 = k}. Such ajj is unique. Then
er < 1/2jo. Using this method one can plbt= k(p, ) =
log N, Fp,00) as a function ofp < 1 for variouse. As

one would expect, the log covering numbers decrease withpoints (z, . .

decreasing.

D p-Convex Hull of Heavisides

We take the following definitions from [15]. Suppose- R
andf: I — R. Fora >0,

Va(F, 1) :=sup Y |f(bi) —

i=1

f(ai)|®

where{[a;, b;]}7, is an arbitrary finite system of non-over-
lapping intervals withu;,b; € I fori =1,... ,n.

Supposef is continuous ofa, b]. LetG be the union of
all open subintervals on whichis either strictly monotonic
or constant. Then

K=K;=[a,b\GC

is theset of points of varying monotonicity. If f is not con-
tinuous everywhere, we Id? denote the set of points of dis-
continuity and sel = K U D.

If « > 0, f is said to be of bounded-variation and we
write f € CBV,, if V,(f,K) < oo. If V(f, K) < M we
sayf € CBV,(M).

Let H = {H(z — 0): § € [a,b]} where H(z) is the
Heaviside (step function).

Lemma 34 Forany N € N, for 0 < a < 1, colY (K) C
CBV,(1).

Proof For anyf € colY (), we can writef as

N
i=1

where we will assume thal, < 6, < ---fy. Observe that
Kf - {0, 1=1,... ,N}. ThUSVa(f,Kf)

SDIEL

@

N
< (6 — 6:) = > BiH (6k—1 — 6;)
k=2 |i=1 i=1
@ N
N Z Zﬁz Zﬁz =Y 1Bkl* <1,
k=2 |i=1 k=2
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Sinceco (K
0<a<l

) € CBV,(1) for all N € N, we have for

o0

Uco () C CBV,(1).

N=1

As away of illustrating the “size” o€ BV, in a fashion that
gives some additional intuition to our entropy number ressul
determined directly, we will now compute the fat-shattgrin
dimension ofCBV,(1).

Proposition 35 Suppose 0 < a < 1and0 < v < 1. Then
3
FatCBVQ (")/) S ’)/_a'

Proof Suppose{fi,..., foem} C CBV,(1) y-shatter the

.y &m) C [a,b] with respect to(ry, ... , ).
We will show thatm < 3y~ <. Fori =1,...,2™, we have
Ky, O {z1,...,zn}. There must always be a sign assign-
mentb; € {—1,1}™ which is realized w.r.t(r, ... ,7,,) by
fi such that

|fi(zj) = filzj—1)| > 2y

forj =2,...,m. Thus
Valfr Kp) 2 Y1 filg) = filwj—1)|® > (m = 1)(29)".

=2

But by hypothesid/, (fi, Ky,) < 1and so(m — 1)(27)® <
1. Thus

o, —a

m< 27T 41 <3y
form > 1andy < 1. [ ]

The smallness o€ BV, is well illustrated by the following
theorem from [15]. Fob < s < 1 define

Lip(s) {f:[a,b] = R: AK > 0,Vz,y € [a,b],
[f(y) = f(@)] < K|z =y}
Fork e Nandk < s <k +1,
Lip(s) = {f: fisk-times differentiable and
F*) e Lip(s — k)}.

Theorem 36 (Laczkovich and Preiss) Let s,a > 0, s
1/a. Then f € CBV, if and only if there exists a homeo-
morphism ¢ of [a, b] into itself such that f o ¢ € Lip(s).

(For related results see [17] and references therein.)



